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The many models adopted to study the properties of the low-lying magnetic dipole excitations
known as the scissors mode observed in most deformed nuclei are reviewed. Attention is
focused first on the geometrical two-rotor model (TRM), whose predictions gave the motivation
for seeking such a mode. The consistency of these predictions with the most meaningful
collective properties of the mode is emphasized. More sophisticated descriptions carried out within
different boson models are then reviewed. Their strict connection with the TRM is proved.

An even closer link is shown to exist between the TRM and the schematic random-phase
approximation (RPA). From the phenomenological and schematic models, confined to the
description of the collective features of the M1 transitions, the analysis moves to the fully
microscopic approaches, the only ones capable of accounting for the global properties of

the mode as well as for the fragmentation of its M1 strength. Shell-model approaches, widely
adopted for light and medium-light nuclei, are discussed. A more detailed analysis is

devoted to the RPA, the most widely adopted microscopic scheme, especially in heavy nuclei.
The path leading from the early incomplete and too approximate approaches yielding
contradictory results to the most recent and refined studies converging to similar conclusions is
sketched. The quasiparticle—phonon model (QPNM) as a way of improving the RPA
description of the M1 spectrum by including the coupling to two-phonon RPA states is finally
illustrated, and the related results are discussed. The study of the M1 spectra observed

recently in deformed odd-mass nuclei carried out in a QPNM context completes the review.
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1. INTRODUCTION

The field of magnetic dipole response has expanded con-
siderably in scope since the discovery of low-lying M1 ex-
citations, known as the scissors mode, made by Richter and
coworkers in '36Gd through a high-resolution inelastic elec-
tron scattering experiment.' The search for such a mode was
stimulated by the prediction, made within the TRM,2 of a
collective M1 mode promoted by a rotational oscillation of
proton versus neutron deformed fluids. The name *‘scissors
mode’” was indeed suggested by such a geometrical picture.
A magnetic excitation of similar nature was predicted as a
mixed-symmetry state in the proton—neutron interacting-
boson model (IBM2)** and as a giant angle resonance in a
schematic model.’

The discovery has led to a renaissance of low-energy
nuclear spectroscopy. Not only electron scattering but also
nuclear-resonance fluorescence (NRF) and proton scattering
have been adopted for a systematic search for this new mode.
As summarized in several review articles,’"'® the mode has
been detected in most of the deformed nuclei ranging from
the (f,p) shell to the rare-earth and actinide regions. The
search has also stimulated important advances in the experi-
mental techniques, which have enabled a quite complete
characterization of the mode. It is well established by now
that this is fragmented into several closely packed M1 tran-
sitions. These are mainly promoted by the convection cur-
rent, and their summed M1 strength grows quadratically with
the nuclear deformation parameter. This latter property was
found recently in the rare-earth region''~" and represents the
most spectacular signature of the mode.

556 Phys. Part. Nucl. 28 (6), November—December 1997

1063-7796/97/060556-30$10.00

With the use of Compton polarimeters in NRF, which
has enabled parity assignment,'® unexpectedly strong E1
transitions in the same energy range as the scissors mode, or
immediately below, have been detected.!”"%°

Another by-product of the systematic study of the mode
has been the discovery of spin excitations. Inelastic proton
scattering experiments on '>*Sm and other deformed nuclei?!
have found a sizable, strongly fragmented M1 spin strength
distributed over an energy range of 4 to 12 MeV, so as to
give rise to a double hump.??

The experimental discovery has stimulated a prolifera-
tion of theoretical investigations. The gross features of the
mode were analyzed in several phenomenological models.
We recall among them the IBM2,2-? the extended Bohr—
Mottelson model, > the closely related neutron—proton defor-
mation model (NPD),>! and the generalized coherent-state
model (CGSM).>>¥  Studies carried out in a sum-
rule  approach,®® in a schematic random-phase
approximation,33~37 and in a mean-field context>® have given
illuminating insights into the shell structure of the mode.

Phenomenological and schematic models ignore many
degrees of freedom, such as spin. For this reason they are
inadequate for describing the detailed structure of the mode.
An exhaustive analysis covering also the energy strength dis-
tribution can be carried out only in fully microscopic ap-
proaches.

Microscopic calculations were performed in the context
of the standard shell model for medium-light nuclei. ¥~
These can be viewed as the microscopic counterpart of an
extended version of the interacting-boson model, the IBM3,
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also used to study the M1 mode in the same nuclei.®* An
alternative and valid approach for this nuclear region has
consisted in adopting an SU(3) shell-model basis.®~#7 The
same SU(3) scheme was modified so as to enable the de-
scription of the mode also in heavy nuclei.*** In heavy de-
formed nuclei, however, apart from a few exceptions,’*>!
most of the microscopic studies were carried out in the
RPA’*" or in the Tamm-Dancoff approximation
(TD A).78'79

A new boost to theoretical studies has been stimulated
by the discovery of the quadratic deformation law. This
property has been studied in practically all models adopted
previously, either in the microscopic (Refs. 42, 69, 74, 77,
and 79-83) or in the phenomenological domain.”>3*9% All
these analyses give conclusive support to the scissors nature
of the magnetic transitions found experimentally. Nonethe-
less, a complete detailed understanding of the related phe-
nomenology is still lacking. The present situation is in fact
more complex than that of the E1 resonance. In contrast to
the case of the E1 mode, the M1 transitions lead to bound
states, so that the theoretical models have to reproduce the
pattern of fragmentation instead of a broad peak. Another
feature of the M1 mode which complicates its description is,
for example, the interplay between spin and orbital motion.
Because of the many degrees of freedom involved in the
transitions, several components of the nuclear Hamiltonian
enter into play in determining the size and the distribution
pattern of the strength. All these aspects are taken into ac-
count in RPA calculations. These, however, being confined
within a space spanned by two-quasiparticle states, may miss
some configurations which enter into the M1 channel either
directly or through coupling.

An effort for improving and extending the TDA and
RPA calculations has been made recently by studying the
mode within the quasiparticle—phonon nuclear model
(QPNM),” which accounts for the coupling to two RPA
phonons.®*

Theoretical studies have also posed the question of
whether the scissors mode survives as one moves from even-
to odd-mass nuclei.”>~® After a first negative attempt carried
out in electron scattering,” NRF experiments have detected
in several odd-mass deformed nuclei of the rare-earth region
a sizable dipole strength, whose distribution pattern follows
closely the M1 spectrum of the nearby even-mass
partners.21%101 Schematic and phenomenological models
are even more inadequate for facing the extreme complexity
of the M1 spectrum in odd-mass nuclei. Fully microscopic
calculations are badly needed for this purpose. The first and
only calculation of this kind has been carried out recently,
using the QPNM formalism.!%103

Section 2 deals with the TRM prediction and the experi-
mental evidence for the mode. The systematic experimental
analyses are briefly reviewed. The consistency of the model
with the deformation law is discussed. Its microscopic for-
mulation is illustrated. In Sec. 3 the description of the mode
within different boson models is discussed. The analysis cov-
ers the extended Bohr—Mottelson, the NPD, the GCSM, and
the algebraic IBM2 models. The review then moves to shell-
model studies (Sec. 4). Standard as well as SU(3) shell-
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model calculations are presented. The microscopic investiga-
tions proceed with the RPA. The method, the problems
encountered by the early calculations, the way of solving
them, and, finally, the most meaningful results are discussed
in Sec. 5. We then go beyond the RPA by reviewing briefly
the QPNM and by discussing the results obtained in relation
to experiments and the RPA (Sec. 6). The review is com-
pleted by a discussion of the M1 spectra observed in de-
formed odd-mass nuclei and studied within the QPNM for-
malism in Sec. 7. Conclusions are drawn in Sec. 8.

2. SCISSORS MODE: PREDICTION AND
EXPERIMENTAL EVIDENCE

The angular momentum carried out by the nucleus does
not produce any intrinsic excitation. This reflects the spheri-
cal symmetry of the nuclear Hamiltonian, just as its transla-
tional invariance forbids the occurrence of an isoscalar col-
lective E1 mode. One may, however, carry further the
analogy with translations and assume that protons and neu-
trons form two distinct deformed fluids free to rotate sepa-
rately about a common axis (perpendicular to their symmetry
axes). Because of their mutual interaction, they may undergo
a rotational oscillation giving rise to an intrinsic M1 excita-
tion. This is the underlying idea of the TRM,? which repre-
sents the rotational counterpart of the semiclassical picture of
the E1 giant resonance. %4103

A. TRM prediction of the scissors mode

The Hamiltonian describing two axially symmetric ro-
tors interacting via a potential V() dependent on the angle
27 between the symmetry axes has the form

Higm e Pt —— P4 V(D 2.1
TR_23P Jp 23" n ( )s ( o )
where J, and J. are the proton and neutron moments of
inertia, and J, and J,, are their angular momenta. Expressed
in terms of the total and relative angular momenta

J=3,+3,, $=1,-1,, (2.2)
the Hamiltonian decouples into a rotational and an intrinsic
part, if a Coriolis-like term is neglected. For small values of
¥, the intrinsic part assumes the form of a two-dimensional
harmonic-oscillator (HO) Hamiltonian

1 2 2 1 2 2

235
where ¥ (k=1,2) play the role of x and y variables, and

d
S=JP—JW=i 70,

are their conjugate momenta. The TRM physical constants
are

(2.4)

43,3, ,_ 4cPcy
3sc=m, C5=Jsc =C_(§TC(1,"5’ (2.5)

where we have put C(I,T)=w237, with 7=p for protons and
7=n for neutrons.
The energy eigenvalues are
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w,x=0(2n+K+1). (2.6)

The scissors mode corresponds to the first excited level. Its
quantum numbers =0 and K=1 define a positive-parity
band of intrinsic excitation energy w. In order to illustrate the
mechanism of excitation we decompose the TRM M1 opera-
tor as follows:

3
AMLp) =\ 7= (8,7 + 82T 0 i

=‘%J(M1’#)+%SC(M17#‘)' (27)
The first part is the rotational component
/ 3
‘%J(MIJL): EJﬂgRMN9 (2-8)

where gz=(g,+g,)/2 is the rotational gyromagnetic factor.
The second is the scissors M1 component

’ 3
'%SC(ML”'): m S;Lgr#’N’

where g,=g,—g,. This term is responsible for the excita-
tion of the mode. In order to compute the transition strength
one may exploit the harmonic relations holding for the TRM
Hamiltonian:

(2.9)

—}—(S?'):i-

= S, Kuls,loy=w,

Jsc p==1

C=wﬂ§é Kuls o). (2.10)

In view of the structure of the scissors M1 operator (2.9), the
above equations yield, for the M1 strength, the expression

3
B(M1)= 1= ;a=2 (S ul0) g} e

*1

3

=16m C(sca)gf,u,fv. (2.11)

The mode can be further characterized by the M1 form fac-
tor. The general expression for the magnetic orbital operator
for electron scattering is

T0(g)= — f drj, (1) TXV(r(gr)Yy )

i
——‘/ﬁ j dl'pp(l')vp(l')-(l'XV)
X(A(@rY5,)
1 i
S vien sl KGR (ACO YO
(2.12)

where m and 1, are the proton mass and angular momentum,
respectively. .

The transition operator can be conveniently rewritten by
using the classical relations
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I=mr(r- Q)—mrQ,
mr(r- &)= mr (2.13)

Q=71

After some straightforward algebra we obtain (u=*1)

1 1 ixgr)
T™(g)= ——— —fdr r r2
m (q 2)\()\4—1) p,;]p pp( ) r)\ ( 1
—x,l‘-V)(rhY)\#). (2.14)
For A=1 the only nonvanishing matrix element is
(I=K=1, n=0||Tm(q)III=K=n=0)
oo [* .
=—\7 \= | drr’p(r)j(qr), (2.15)
3 V3 Jo

where p(r) is a spherical density, normalized to the total
number of nucleons.

For A>1 the integral in Eq. (2.14) vanishes unless the
density deformation is taken into account. For this purpose'%
let us consider a proton (neutron) density of the form suitable
for an axially deformed shape:

eAn)=e.lr—R(1+aR¥ ()], (2.16)
where
(T) 16
(120 =BT= _4__ 57. (2.17)
For A=3 the only nonvanishing matrix element is'*
(I=3, k=1, n=0IT*=3(g)IlI=K=n=0)
R \/7 74 drrp(r)ia(qr). (2.18)

The M3 transition strength can be obtained by going to the
photon point and turns out to be related to the M1 transition
probability by

B(M3)T=1.146’R*B(M1)1. (2.19)

B. Experimental evidence and characterization of the
mode

A level with the properties of the J"=1%, K™=1" state
predicted by the TRM was discovered in a high-resolution
(e,e’) experiment on '°Gd by the group of Richter.! The
M1 excitation was detected by performing (e,e’) scattering
at backward angles (6=165°), where transverse magnetic
transitions are dominant. The experimental form factor of
this state is in close agreement with the TRM up to moder-
ately high values of the momentum transfer q. The discrep-
ancy at high g values can be attributed to spin contributions,
absent in the TRM. 1?7108

Soon after, this strongly excited state was confirmed in
(7,¥') experiments.'® In these reactions the decay of the
J™=1% state to the J™=2] level of the ground-state band
was also observed. This made it possible to determine the X
value of the state under investigation, using the Alaga
rule.!® In fact, in the rotational limit we have
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B(M1,1*-2))

B _[(1Kx—K]2 0)|?
T B(M1,1Y—=07%)

" [(1KN—K]|0 0)]?"

(2.20)

This ratio is R=0.5 if K=1, and R=2 if K=0. Experimen-
tally, R is about 0.5, which is consistent with the K=1 as-
signment.

Subsequent inelastic electron scattering and NRF experi-
ments have ascertained the existence of the mode in three
regions of the nuclear table, i.c., the deformed rare-earth
nuclei,'""™!  the fp-shell nuclei,’”®'? and the
actinides.'”*!2* However, most of the experimental studies
were performed on rare-earth nuclei.

We have already pointed out that the electron-scattering
form factors are in good agreement with the predictions
based on the assumption that the excitation mode is of orbital
nature. Further support for this property of the mode has
been gained by comparing the (e,e’) with the (p,p’)
scattering.'?*12126 In (p p’) reactions, in fact, the
intermediate-energy proton scattering at small angles excites
magnetic dipole states only through the spin part of the
nucleon—-nucleon interaction. The fact that the M1 states ob-
served in electron scattering are not appreciably excited in
the (p,p') reaction provides strong evidence in favor of the
orbital nature of the mode.

A combined analysis of (¢,e’) and (v,y') experiments
has shown that the mode is fragmented into several peaks
closely packed around a prominent one with a total strength
B(M1)T=3 ,u,zv. Attempts to clarify the nature of the single
peaks have been made through (¢,a) reactions.'?%'%

Joint (e,e') and (y,Y') experiments carried out on a
chain of even Sm isotopes have shown that the integrated
M1 strength grows quadratically with the deformation
parameter'' and is proportional to the strength of the E2
transition to the lowest 27 state.'? The same deformation law
was confirmed in Nd isotopes'> and has now been ascer-
tained to hold for all nuclei of the rare-earth region.!*!> The
experiments on some actinides indicate that there is evidence
for a % law also in this region.'%!3 This law is perhaps the
most spectacular manifestation of the scissors nature of the
M1 transitions.

This systematic study was possible by virtue of the great
progress made in gamma spectroscopy. Indeed, the measure-
ment of the linear polarization of the scattered photons in
nuclear-resonance fluorescence (NRF) experiments has en-
abled parity assignment'’ and, thereby, the unambiguous
identification of the M1 transitions.!””?® The same experi-
ments have established the existence of E1 transitions inter-
mixed with M1 excitations.

The experimental setups have now increased the detec-
tion sensitivity to a point at which very weak transitions can
be identified. A first success was the discovery of scissors-
like excitations in y-soft nuclei.!*!"1>2

The present status of the experimental results can be
found in several review articles.®!° The salient features of
the mode which can be extracted from them are:

127

*The M1 strength is fragmented and distributed around an
energy centroid, which assumes the value w==3 MeV in rare-
earth nuclei.
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*The summed strength in the most deformed rare-earth
nuclei is SB(M1)1=3u2.

*The transition is mainly promoted by the convection
current. The  orbital-to-spin  ratio is  typically
B;(M1)/B,(M1)==10.

*The integrated M1 strength depends quadratically on
the deformation parameter and is strictly correlated with the
strength of the E2 transition to the lowest 2+ state.

While qualitatively consistent with the observed proper-
ties of the mode, the TRM, in its original formulation,? was
unable to predict either the exact position of the energy cen-
troid or the size of the total strength. Indeed, the TRM en-
ergy was higher than the observed one by about 1 MeV, and
the M1 strength was five times larger. The main reason for
these strong discrepancies is to be found in the crude numeri-
cal estimates of the model parameters made in that paper. A
rigid-body moment of inertia was assumed, and the
restoring-force constant was computed by paralleling the
procedure adopted by Goldhaber and Teller for the E1 giant
resonance. We know now that both prescriptions are unreal-
istic. There is, however, little doubt that the mode predicted
by the model corresponds to the observed M1 excitations.
We have already said that the experimental form factor is
reproduced by the model to a large extent. We will see now
that the model is also consistent with the quadratic deforma-
tion law.

C. Consistency of the TRM with the deformation law

As pointed out already, the most meaningful signature of
the observed M1 transitions is the quadratic deformation law
for the total M1 strength. It is therefore of the utmost impor-
tance to investigate whether the TRM can predict such a
behavior. For this purpose it is useful to express all TRM
quantities in terms of the shape variables a,,, instead of the
angle ¥ and to impose on the proton (neutron) density (2.16)
the normalization condition

(oi)= j DY\ u(N)dr=a,, "R, (221)
where @’ and @§" are normalized to the number of protons
and neutrons, respectively. Under a rotation by ¥, (9,
=1, ¥,=—19) around the x axis, the proton (7=p) and
neutron (7=n) densities undergo the following change:

1+ 21 a‘zjjyfu(f)”, (2.22)
n==

where
J B TV T

0‘(22_ (2)(01_)“(7)«._ J o),ﬂ
(2.23)

to leading order in ¥,. This key relation enables us to ex-
press the TRM Hamiltonian (2.3) in terms of shape variables,
namely,

eT(RST‘r)=e,{r—R

1
2 2_ 2
S + C,,ﬂ 7B, ”2 |72,

=*1

H=
2 3SC
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FIG. 1. Saturation plot of the scissors M1 strength
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computed using the TRM formula (2.28). The quan-
tity P is the Casten number defined in the text [Eq.
(3.32)].

M ST RN B ST S T S R SAT Y U B R S Y

1
+5C ;ﬂ i), (2.24)
n==
where ,,, are conjugate to a5, , and
4B,B, 4C,C,
B= , C= (2.25)
*"B,+B, C,+C,

are the new model parameters. The old and new constants
are related by

3.=3B:B,,

It follows by inspection that, while the energy is independent
of the deformation, the scissors M1 strength grows quadrati-
cally with it. Indeed, upon insertion of the above expressions
into the TRM harmonic relations (2.10), the scissors strength
(2.11) becomes

c'=3p%c,. (2.26)

9
B(M1) = 1= Bup’guy. (2:27)

The 62 behavior of the scissors M1 strength has been studied
quantitatively in Ref. 90 by making an empirical estimate of

the mass parameter. The following expression was obtained:
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B (M1)1=0.0040A%38%g2u2. (2.28)

Numerical calculations carried out by putting g,=0 and g,
=8p=28r=(2Z)/A yield results in good agreement with
experiments.'!"!3 In particular, the theoretical and experi-
mental summed M1 strengths have similar saturation prop-
erties (Fig. 1). A systematic analysis carried out recently'*!>
has shown that the M1 strengths computed by such an em-
pirical formula are in overall agreement with experiments for
all nuclei of the whole rare-earth region. The formula has
been shown to account also for the deformation dependence
of the M1 strength in actinide isotopes'®!*® and in y-soft
nuclei. 3132

D. Thoretical computation of the TRM constants: a
low- and a high-energy mode
1. Classical method

Within the semiclassical domain one may attach to each
of the two rotors the velocity fields

V2 =—Vxp, V,=—Vx,, (2.29)

where
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Xr— 6(x2‘rx3rnlr+xlfx3102‘r)’ (2.30)
in which Q; (i,=x.,y,) are the proton and neutron angular
velocities. One obtains a two-rotor Hamiltonian of the form
given by Eq. (2.1) and therefore an intrinsic one given by Eq.
(2.3) with an irrotational moment of inertia

2
3= Jir= 0"Jrig» Jig=5 MAR?. (2.31)
The restoring-force constant can be deduced from the

symmetry—energy mass formula

(%) (8e,-de,)* p

AV =—b ==
Qo dr 27 Qo

’

(2.32)

where b;=50 MeV and @, is the nuclear density, normalized
to the mass number. The density variation is computed by
making use of Eq. (2.22), with the result

S ~e{d)-ed0)=ke” 3 aiir’Y},, (233)
==

where the constant £, is fixed by the normalization condition
(2.21), and a(') is given by Eq. (2.23). The calculation of the
integral in Eq. (2 32) then yields

1
AV= 5 cd?, (2.39)
where
28
C=~bA . (2.35)

Using the above equations, one obtains, for the energy of the
mode and the corresponding strength [Eq. (2.11)],

0,=139.4A"13 MeV,
B.(M1)1=0.128°A%g%u2. (2.36)

The strength is quadratic in the deformation parameter, but
the energy is far higher than the observed one. Indeed, we
obtain for *Sm the values w=26 MeV and B(M1)?
=4.7u%, having put g,=0 and g,=2gx=2Z/A. Although
the M1 strength is reasonably close to the experimental
value, the energy lies in the region of the giant isovector
quadrupole resonance. What we have found is actually a new
scissors mode. It is indeed the K™=1% component of the
isovector quadrupole resonance mode. In order to obtain a
low-energy mode one has to make different assumptions
about the nature of the rotors. A natural prescription for all
possible alternatives can be found once the model is formu-
lated in a microscopic context.

2. Microscopic approach: equivalence with the
schematic RPA

Let us assume that the nucleons move in a deformed
mean field described by an anisotropic HO potential with

frequencies w; and w3 such that wfw3=w(3, and w,
=41A""% MeV.
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Mapping the procedure of the Bohr and Mottelson uni-
fied theory'® to the present case, one can make use of the
harmonic relations (2.10) in the specific form

o <Sz)— :T‘ phgw “2 [(ph|S,.)*= 0, +w3=2w,,
2.37)

where |) is the particle—hole (p—A) vacuum. The sum is
restricted to the AN=2 p-h excitations. This condition
yields the irrotational mass parameter

1
=_\..= 2 . . T e— 2
3= 0= I 2 (Sl
2
. mAR?, (238)
and the restoring-force constant
(+) 2 28 2
Co zJin-(zﬂ)o) 2? b0A8 , (2.39)

where by==17.5 MeV. When the p—# interaction is switched
on, the restoring-force constant acquires the additional con-
tribution

c{t= 25—8 b,AS, (2.40)
where the constant b, follows from its relation to the energy
symmetry potential V;=4b;~=130 MeV. The full restoring-
force constant C, =C{P + C{* turns out to be exactly equal
to the classical expression (2.35) with the same symmetry
parameter b,=by+b,=50 MeV. It follows that the resulting
energy and strength are given exactly by the semiclassical
equations (2.36).

We use now Eq. (2.10) with the following requirement:

1
SZ)“ — 2 2 [(pAlS ) |>= o,
3sc 350 ph
where the sum is restricted to the AN=0 p—h space. This
yields a rigid-body moment of inertia J,.=Jys. The unper-
turbed restoring-force constant is now

(2.41)

28
CE=(8w0)*Yig=5 by A& (2.42)

with bf)_)=b0/4. The potential component can be fixed'>
from the ratio of the nuclear isovector and isoscalar average
potential strengths V; and Vo, a_=C{"/C{=b{"/b§"
=—V,/(4Vy)=0.6. The final result is

C_
w_= 3—_=5m0 1+a_=536A""3 MeV,

rig (2.43)

B_(MI)T——iJngw_—00456A”3g,y,N

The method just developed is nearly equivalent to the en-
tirely classical one adopted in the TRM in its original
formulation.” Both rely on the assumption that protons and
neutrons form two rigid rotors. The present method, how-
ever, improves the computation of the restoring-force con-
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stant, with the result that the M1 strength is reduced by about
a factor of two. Such a reduction, however, is not enough. In
order to induce a further quenching, one needs to remove the
rigid-body assumption.

For this purpose one may impose for the low-energy
mode the alternative condition

S?)=E(€zp) +E(€ept dwy), (2.44)

7

where E (€)= \/(es},—)\)2+A2 is the quasiparticle energy.
Here, €, is the single-particle (s.p.) energy, referred to the
chemical potential A, and A is the pairing gap. It is natural to
use for N the value A =(dw()/2. With this choice the har-
monic condition (2.10) becomes

3 (S?)=2E=[(6w,)>+(24)%.

Using closure, we obtain for the mass parameter

(2.45)

dw
Jsczqsfz (_25 ( u( Esp)v( Esp+ 5‘00) —(v( €sp)u(esp
) dwg) >
+ 60)0)) 3rig= TE_ Jrig ’ (246)

having made use of the standard expressions of the BCS
amplitudes # and v with A=(J8w()/2. The resulting energy
and strength are

=(2E)V1+a_,

w_=

Jsf
3 5(1)0
B_ (MI)T~ Ey ‘1’ 3rlg 2E gr/"’N’ (247)
or, more explicitly,

w_=126(2A)1 +x2,
3
x

B_(M1)1=0.001(2A)A5? 17 glu, (2.48)

where x=06wq/(2A). According to these equations, the
strength goes like 6° for small deformations (x<1) and be-
comes linear for very large deformations (x>1). In the
range of observed deformations the strength is approximately
quadratic in 6.

Had we averaged the two quasiparticle energies and the
moment of inertia with respect to \,'** we would have ob-
tained exactly the strength derived by Hamamoto and Mag-
nusson in the schematic RPA.% This is not an accident. The
approach presented here amounts exactly to a schematic
RPA treatment. To show this equivalence we observe that,
when expressed in terms of shape variables, the intrinsic
TRM Hamiltonian (2.24) coincides with the harmonic
Hamiltonian adopted within the unified theory.'® Let us in-
deed switch from the normalization (2.21) to the new one

(O\u)= J' e(r)r*Y, (rdr=a,,. (2.49)

This induces in turn a renormalization of the mass and
restoring-force parameters, which assume the new form
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B Jsc 2@ m
= = = —
Jsc=Bq 352 3 AR? 273 AR*’
B 4ar
¢ 0) 4 (1)
Cy=C —3—f—c +C (2.50)
2
38 (—MTAR )
where
8 mw(z, 7 7V,
$=3 arr Ca=3age (251

These quantities are just the mass parameters and coupling
strengths derived within the unified-theory approach.'*

The link with the schematic RPA is now obtained simply
through the standard mapping condition'*

2, lagl*=2 35 Qa1

0,,(1)=0%)-0%". (2.52)

Needless to say, an explicit RPA calculation yields exactly
the results obtained here.>*36 Although the deformation de-
pendence is roughly reproduced, the magnitude of the
strength produced by these calculations is about a factor two
larger than the experimental summed strength. A quenching
mechanism is needed. This is hopefully found if the model
can be formulated in a fully microscopic context which ac-
counts also for the spin degrees of freedom.

3. Scissors modes in superdeformed nuclei

We have scen that, in its reformulated version, the TRM
predicts a low- and a high-energy mode. In the first mode,
protons and neutrons behave approximately as superfluid
systems; in the second, as irrotational fluids. Being switched
by deformation, the two modes should exist also in superde-
formed nuclei. Their existence was indeed predicted in the
RPA" and within the classical TRM."** This latter model
can be easily adapted to these nuclei. Indeed, let us assume
that K is a good quantum number, so that the transition goes
from K to K+ 1. The Ml operator couples the state |[IMK)
to the states |[I'M'K+1) with I'=I—1, I, I+1. Using the
standard expression for the transition matrix elements'™® with
the TRM intrinsic wave function? and assuming I>K, we
obtain for the summed strength

1
> ~ 2 2
2 B(M1, IK—»I'K+1)= 3 sc® T 8riN-
(2.53)

According to this expression, the strength decreases with in-
creasing K. If we assume that the superdeformed state has
K =0, we gain the standard scissors expression (2.11). We
may use Egs. (2.36), obtaining for the high-energy mode of

the superdeformed 32Dy (8~0.62) the values
0;=26 MeV, B, (M1)1=26.1u3, (2.54)

where we have put g,=0 and g,=2gz=2Z/A.
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For the low-energy mode we may assume rigid rotors
and use Eqgs. (2.48) with g,=0 and g,= 1, obtaining for the
same superdeformed nucleus the values

w_=6.1 MeV, B_(M1)]=22.6u%. (2.55)

These numbers are in agreement with the RPA results of Ref.
72. They have been obtained under the assumption that, in
going from deformed to superdeformed nuclei, protons and
neutrons in their relative motion remain irrotational at high
energy but undergo a transition from a superfluid to a rigid-
body phase at low energy. Such an assumption is fully con-
sistent with the conclusions drawn in Ref. 72.

We would like to stress that, according to our equations
based on the use of the TRM scissors wave function, these
strong transitions occur only if the intrinsic superdeformed
state has K=0. If such a state has a nonvanishing but small
K, or contains a K admixture, the corresponding strength
should still be sizable.

4. M1 mode in triaxial nuclei

The model can be easily extended to triaxial
nuclei.’®>'% For this purpose one can easily deduce the
quadrupole fields entering into the M1 channel from the den-
sity variation induced by the rotation of protons against neu-
trons around each of the three principal axes. They are

i
Qi=——=r(Yy+Y,_ )73,

V2

1
Q2=‘7—2‘ r2(Yy—Yy_1)73, (2.56)

—1i
Qs—ﬁ

The corresponding excitation energies are

r2(Yp—Yy_,)7s.

e(l:t)z |w2i w3' - wole—a cos(y—4‘n'l3)te—a cos yl’

€)=, * 03| = wgle* 2T+ gma s (2 57)

(=

63—)=|w1:’:w2| =w0|e—a cos(y—2m/3)

+ g @ cos 7(7—411'/3)'

The lowest eigenvalues for each mode are

(-1
w;=w cos y| 1— \/?: tany| (i=1,2),
(2.58)
2
w3=—= sin .
B
We have neglected pairing for simplicity.
The E2 and M1 strengths are
1 - 1)
B,(E2)= 5 cos ¥ 1- \/5 tan y |B(E2) (i=1,2),
(2.59)

2
B;3(E2)= —=ssin yB(E2),

V3
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B,-(M1)=%cos 'y(l-—_—)-tan y)B(Ml),

V3

(2.60)
B3(M1) 2 B(M1)
=-—sin .
3 \/3 Y.
For both kinds of transitions the ratio B, /B is
1 : tan
B,__ B ’ (2.61)
B, 1 ’ '
l+—tan y

V3

A third mode, absent in axial nuclei, emerges. Its frequency
and strengths contain vy as a leading term, in accord with the
fact that such a mode disappears in the axial limit. For very
small values of 7y the frequency is very low and the strength
is negligible.

According to the model predictions, a splitting of the M1
strength should signal a triaxial shape. Unfortunately, such a
splitting is likely to be hidden by the fragmentation induced
by the nuclear shell structure. Such a test may therefore work
only in some medium-light nuclei where the fragmentation
induced by the shell structure can be modest.

E. Microscopic formulation of the TRM

It is not obvious that the scissors picture should be pre-
served within a microscopic context. The spin degree of free-
dom can in fact interfere so as to destroy such a picture. This
is to be expected to some extent, since the spin—orbit cou-
pling induces a large fragmentation in the s.p. spectrum. In
order to check whether the scissors picture still holds, it is
useful to analyze the excitation mechanism. The full shell-
model M1 operator is

A
MM 1,p)=3/(4) 21 (81001, (8) + 85(i)5 (i) ey -
(2.62)

The scissors picture remains valid only if the spin contribu-
tion is negligible or can be absorbed into the generator S, so
that the M1 operator can be written in the TRM form

3 12
-%(Ml,}l:=1)=(T6—7;) S+1(gp—gn)”'N' (2.63)

In such a case general definitions of the TRM constants
which are valid in any microscopic context can be given
easily. For this purpose it is useful to write the defining TRM
equation (2.10) in the form®*

i)

3= 2 <0
[st.[H.5.]]|0)-

pu==*1
Using closure, one obtains the quite general expressions

1-
Sk H=E; S

(2.64)

1
C=§'“=211 <0
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1
Jee= 2 o [(nulS |02,
np n
(2.65)

C=§ @n|(nulS,|0)|%.

We can now immediately derive the scissors energy-
weighted M1 sum rule

3
2 0B (M) =1=2 o,|(nulS,|0) g u}
n n,p

3
=527 2, (OIS H.S, 11087y

*1

3

= 167 3scw283.“12v- (2.66)
This sum rule holds in the macroscopic as well as in the
microscopic domain. Under the experimentally supported as-
sumption of small fragmentation of the mode, we obtain for
the summed strength the expression defining the TRM M1
strength [Eq. (2.9)]. It follows that the TRM formula, with
Jsc and C given by Eq. (2.65), represents a general definition
of the scissors M1 summed strength. Microscopic studies of
these formulas have been carried out in Ref. 137.

3. BOSON-MODEL DESCRIPTIONS

The TRM was formulated specifically for identifying a
collective mode of scissors nature and predicting its signa-
ture. Hence the simplifying assumption that neutrons and
protons form two fluids of ellipsoidal shape. On the other
hand, the mode can be fully understood only if studied in
more realistic approaches which include additional degrees
of freedom. An obvious extension consists in allowing for
surface vibrations of proton and neutron deformed fluids.
This is accomplished within a semiclassical context by de-
scribing these vibrations in terms of the shape variables a,,
and a,. These are indeed the classical variables adopted in
the phenomenological models described in this section.

A. Extended Bohr—-Mottelson models

The TRM Hamiltonian, when written in terms of the
Bohr—Mottelson collective variables (2.24), assumes the
form adopted by Faessler and co-workers®™ to study the
mode. In their approach the TRM Hamiltonian was derived
from the proton—neutron Hamiltonian introduced within the
extended Bohr—Mottelson model developed by Faessler him-
self to describe the E2 giant resonances.!*® The novelty of
this model consisted in the introduction of collective vari-
ables for protons (a,) and neutrons (a,). Nuclear and rela-
tive motions could then be decoupled by defining the new
variables

1
a”=5(az+a2), ¢(u=al—a),. 3.1)
The a, coordinates are quadrupole shape variables describ-
ing the motion of the nucleus as a whole, while the £, ac-
count for the relative motion between the proton and neutron

fluids.
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In their study of the scissors mode,’? the authors started
from a Hamiltonian of the form (2.24), and by using a rela-
tion similar to the one given by Eq. (2.23) they obtained a
TRM Hamiltonian of the form (2.3). They improved the rigid
TRM results? by assuming that the motion is determined by
only a fraction of the nucleons. Because of this ansatz, the
moment of inertia and the restoring-force constant are re-
duced by about a factor of three. Their M1 strength turned
out to be only twice the observed one.

The same formalism was adopted by Rohozinski and
Greiner’! in a more extended framework. In fact, they for-
mulated the problem in the laboratory frame, using a highly
anharmonic Hamiltonian in the variables @, and £, . For
small-amplitude oscillations the Hamiltonian can be decom-
posed into

H=Hcoll(a)+Hrel(§)+Hint(a’§)’ (32)

where H; describes the mass collective motion, H, is a
harmonic Hamiltonian in the relative coordinates &,, and
H;y, is an interaction term which couples the two motions.

A similar decomposition holds for the total angular mo-
mentum:

Ly,=L},(a,)+L5, (a,) =L (a) +LTM(E). (3.3)

iy
Transforming to the intrinsic frame defined by the principal
axes of the system, the variables « u become the Euler angles
(a.B,7y) and the intrinsic shape variables a,, and a,;, while
the transformed relative coordinates £, remain still five in
number. In the strong-coupling limit one can put in the in-
teraction term the equilibrium values appropriate for an axi-
ally symmetric shape, namely, a,,=8 and a,,=0. In this
limit the transformed Hamiltonian becomes

H=H+Hpg,+H ceny+ Hcoriolis T H s - (3.9

Here H, and Hpg,, , describing, respectively, the nuclear ro-
tation and the B and ¥ vibrations around an equilibrium
spheroidal shape of deformation B3, form essentially the Bohr
Hamiltonian,'** while H e, and H ¢y are the centrifugal
and Coriolis terms. The last part is the scissors Hamiltonian.
This, in the strong-coupling limit, can be written

2
Hy=H () + Hin(§,8)= 2, H, (3.5)
where the Hy are HO Hamiltonians in the relative coordi-
nates and carry intrinsic angular momenta K=0,1,2. The
coupling between the relative motion and the mass deforma-
tion mode induces a dependence of the restoring-force con-
stant Cx and the mass parameter By on K and .

The NPD model therefore predicts two other isovector
modes in addition to the scissors excitation. The operator of
the magnetic orbital dipole form factor is obtained from the
general expression (2.14) by assuming an irrotational veloc-
ity field and a proton mass density of the form (2.16). The
resulting expression is

T(m)_L \ ’_S_F L?
lp._\/im 41 (q) 1u

(3.6)
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f5°r4drf’(r—R0)

The M1 strength is obtained by going to the photon point and
turns out to be of the same TRM form (2.11) with an irrota-
tional moment of inertia. The NPD model therefore describes
the mode as a rotational oscillation between two irrotational
fluids.

The advantage of this model is that it describes on an
equal footing the scissors as well as the B and vy vibrations
and accounts for the coupling between them. The model,
however, does not give clear and simple prescriptions for
computing the parameters. These are in practice determined
by a fit to the energy and the B(M1) values. Another draw-
back is the lack of agreement between the model and experi-
mental form factors.

The model was extended so as to make it possible to
study the effect of triaxial deformation on the M1 strength,'>®
It was found that, in contrast to the TRM, a small triaxiality
does not lead to the appearance of 1* doublets.

F(q)= 3.7

B. Generalized coherent-state model description

The anharmonic terms of the NPD Hamiltonian are not
easy to handle. An efficient approach for dealing with them
is provided by the so-called coherent-state model (CSM).1%0

The idea of the CSM is to describe the low-lying collec-
tive states of spherical as well as deformed nuclei by wave
functions obtained through angular-momentum projection
from intrinsic coherent states, which represent a quadrupole
boson condensate. The second step consists in constructing
an effective interacting-boson Hamiltonian which is diagonal
in the above states to a large extent. As in the NPD model,
the CSM Hamiltonian is anharmonic and does not preserve
the number of bosons. Because of the use of coherent states,
however, such a Hamiltonian has the simplest form. This
model has been used successfully to describe the collective
properties of nuclei from the spherical to the transitional and
deformed regions.

The M1 mode can be studied in its generalized version
(GCSM),>>** where a distinction is made between neutron
and proton bosons. The structure of the generic GCSM state
is

VY oimk=NasPix Dk » (3.8)

where N, is a normalization constant, and P34 is a projec-
tion operator of standard form which projects the good an-
gular momentum out of the intrinsic states ¢,x. These are
obtained by acting with boson operators, at most quadratic in
the quadrupole creation operators b;'#, on a HO coherent
state in the deformation parameters d,, and d,,:

Bo=expld,(b;o—byo) — dn(bo—bao)1)). (3.9)

States describing one B band, two vy bands, and two
K™=1" bands have been constructed. The one describing
the scissors-mode band is

‘1'1M1=N{P1]m(b;®b:)u|0>- (3.10)
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The Hamiltonian is constructed so as to be diagonal to a
good approximation in the bands of the six boson states. Its
expression is

Aj+A,
H=A\(ny+n,)+Ax(npyt nyy) 5 —— (P

+Py)+Ay(PyPy+PyP,—2Py Py,) +ALJ?,
(3.11)

where n, and n, are the proton- and neutron-number opera-
tors and together with n,, and n,, can be written in the
compact form
N =2, b;#bk,ﬂ (k=p,n; k'=p,n), (3.12)
I
P; , P}, and P:p are proton, neutron, and proton—neutron
pairing-like boson operators

P=(bi by )o—d*5,

and the quantities A; (i=1,4) are free adjustable parameters.
Equation (3.11) defines an interacting-boson Hamil-

tonian which does not commute with the boson-number op-

erators n, and n,. Its excitation energies are obtained as

0=(W | H|W 130) — (Vo H|¥,). (3.19

The parameters A; are determined from fitting some levels of
the ground, B, and y bands, while the deformation parameter,
assumed equal for protons and neutrons, is fixed by an over-
all fit to the B band. The only free parameter is the scaling
parameter entering into the canonical transformation

(3.13)

1
= Tk, ¢

In the harmonic limit, this parameter assumes the standard
form k,=+B,C,.

The M1 operator has been derived from the general ex-
pression (2.14), using an irrotational velocity field (2.29) and
a charge density of the form (2.16) as in the NPD model. The
resulting expression to lowest order is

T(Ml,/.b)= _‘iejl(qRO)(ngpp,_*_gan;L)’

where J; ,= 10(b; b)1,, - By going to the photon point, it
is possible to obtain for the M1 strength a rotational and a
vibrational 1imit%

b, +by). (3.15)

(3.16)

9
Bo(M1)1T=7— kBl
(3.17)

18
Bu(M1)1=— k3 B8l

The result is linear in B2 in both cases, but with two different
slopes. The full GCSM expression was used to compute the
M1 strength for different chains of isotopes. The experimen-
tal 8% behavior was nicely reproduced. If we put k12,=Bw,
valid in the harmonic approximation, we obtain for the
strength in the rotational limit the TRM expression (2.27).
The close link between the two approaches was discussed in
Ref. 89.
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The M1 form factor was computed in the plane-wave
approximation.!*® Although a detailed comparison with ex-
periments cannot be carried out, it looks promisingly close to
the observed one. The octupole operator has exactly the
same expression for the M1 operator with a gyromagnetic
ratio g22,= 12/7g /- Once the magnetic-dipole gyromag-
netic ratios are determined, the octupole ones are automati-
cally fixed. The model predicts a scissors, an isoscalar, and
an isovector M3 transition.!*! The isoscalar M3 strength is
remarkably close to the one measured in '**Dy and consis-
tently interpreted as isoscalar.!*?

The GCSM has also been extended to triaxal nuclei.!*3
The results are consistent with the TRM findings.

C. Algebraic description of the mode: the interacting-
boson model

1. The model

The basic assumption of the interacting-boson
model'*!* s that the low-lying collective states of nuclei
away from major closed shells are described in terms of a
monopole boson with angular momentum and parity
J™=0", called an s boson, and a quadrupole boson with
J7™=2% called a d boson. These s and d bosons are inter-
preted as strongly correlated pairs of valence nucleons
coupled, respectively, to J"=0" and J"=2".

In the first formulation of the model (IBM1) no distinc-
tion is made between protons and neutrons. The Hamiltonian
has the form

1
Hy=Eo+2, eapbabpts 2 Uapysbabsbsh,.
aB apByd
(3.18)

where Ej is a c-number, &,4 and u,g,s are free parameters,
and b} and b, are, respectively, creation and destruction (s
or d) boson operators. The distinguishing property of this
boson Hamiltonian is that it contains in addition to the har-
monic term a two-body part and commutes with the total
number of bosons. Moreover, it has a definite group struc-
ture, since the bilinear products are the 36 generators of the
group U(6). This allows us to find the proper basis states for
its diagonalization. In fact, one can generate from U(6) three
subgroup chains containing the rotation group as a subgroup.
These are

U(5)D0(5)>0(3)>0(2) I

e

U(6) > — SU(3) >0(3) D0(2) Il
N

0(6) D 0(3) > 0(2) . 111

(3.19)
Each group chain provides the quantum number for labeling
a set of basis states.
The boson Hamiltonian, in its general form, can be di-
agonalized in one of these bases only numerically. For an
appropriate choice of the parameters, however, it can be
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written as a sum of linear and quadratic Casimir invariants of
one of the three chains. In these limiting cases the eigenvalue
problem can be solved algebraically.

The states obtained in these three limits can be inter-
preted geometrically by making use of the concept of coher-
ent states. It can be shown that in chain I the states describe
the vibrational motions of spherical nuclei; chain II corre-
sponds to an axially symmetric rotor, and chain III to a y-
unstable rotor.

In the second version of the interacting-boson model
(IBM2) one makes the distinction between neutrons and pro-
tons and assumes that the low-lying levels of nuclei can be
explained in terms of pairs of protons and pairs of neutrons
with J™=0"% and J™=2", treated as s,d,, and s,d,, bosons.

In order to take into account the p—h conjugation in
particle space, the number of protons, N, and the number
of neutrons, N,,, are counted from the nearest closed shell.

The Hamiltonian for the coupled system of proton and
neutron bosons can be written as

H=H,+H, +V_,, (3.20)

where H, (H,) is the proton (neutron) boson Hamiltonian of
the form (3.18), and V ,, is the proton—neutron boson inter-
action. The IBM2 also has a group structure, that of the
group product U, (6)®U ,(6). One can generate from this
group several group chains containing the rotation group as a
subgroup, each one leading to a definite classical limit.

The chain leading to the scissors mode is the following:

U’n(6)® UV(6)3 U(‘n‘+ v)(6)

DSU(1+,)(3)D0(3)D0(2). (3.21)

Since the proton and neutron bosons are nonidentical, from
the tensor product of the two U(6) symmetric representa-
tions one generates symmetric as well as mixed-symmetry
representations. In order to label the states of different
U +,(6) symmetry, it has become customary to introduce a
new quantum number, called the F-spin, formally equivalent
to isospin for particles. A proton boson has F=1/2 and third
component F3=+1/2, while a neutron boson has F=1/2
and F3=—1/2. For a system of N=N .+ N, bosons, the to-
tally symmetric states have maximum F-spin, F=F,
=(N,+N,)/2, the states with mixed symmetry have
F=F,,—1, etc.

The most general IBM2 Hamiltonian has too many pa-
rameters to be of any practical use. A schematic Hamiltonian
frequently used is of the form

H=g(ngztng)+2K,,0,-0,+tK,,0, 0,

+KpnQr OntAM, (3.22)

where n,, and ny, are proton and neutron J"=2"* number
operators, Q. and Q,, are the proton and neutron quadrupole
operators, and M is the so-called Majorana operator, related
to the Casimir invariant of the group U, ,(6) and respon-
sible for the splitting between totally symmetric and mixed-
symmetry representations.

In the special case £=0 and XK ,,=K,,.=K,,=K the
Hamiltonian (3.22) can be expressed as the sum of the Ca-
simir invariants of the group chain (3.21) and is therefore
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diagonal in this scheme. The energy spectrum can be calcu-
lated algebraically. One obtains symmetric as well as mixed-
symmetry bands, where J™=17 levels appear.

The first excited J™=1" state describes the scissors
mode.* Owing to the lack of experimental information on
other mixed-symmetry levels, the Majorana parameter is
fixed by fitting the observed energy of this J"=1" state. The
IBM cannot therefore predict the energy of the scissors
mode.

The M1 operator has the form

, 3
AE(M1)= Z_q;(ngw+ngv)/~"N='/és+'//gv9

(3.23)
where the F-spin scalar and vector components are
/ 3 / 3
‘%S(Ml’/l')_—— G gRLu.F'N= ET_ gR(L'rr,/.L
+L, )y (3.24)
3 N,
'//év(Ml’/l')= E (8= 8») —N_L‘IT,[L
N,
- I_V— Lv,p. MN > (325)

and the gyromagnetic factor is obtained from the F-spin sca-
lar term

_@__ g1r<L1r>+gv(Lv> _ &xN-t8y N,
ERTT T (L) - N :

(3.26)

The g, and g, factors can be computed microscopically by
following a boson—fermion mapping procedure.!* Since the
underlying idea in the IBM is that the s and d bosons repre-
sent strongly correlated J"=0"% and J™=2" nucleon pairs,
one can turn the boson state Wz into a fermion state W 5 by
replacing the boson operators s* and d* by correlated fer-
mion pair operators

+_ 0, + ,+\0 +_ (2)¢,+ ,+\2
S —Ei c; (a; a])g, D”—'Zj cij (a; aj),. (3.27)
The boson operator Ojp is then defined by equating the ma-
trix elements,

(‘I'BIOBN'I';) = (‘I’FIOFI‘I’)'-'>s (3.28)

where Op is the shell-model operator.

The microscopic estimates based on the above procedure
give!1® o =1 and g,=0. Alternatively, they can be esti-
mated empirically from a comparison with the experimental
g factor of the 2% states.”!**!° The values so determined
can deviate from g,=1 and g,=0 by 25-30%.

The F-spin vector term couples the ground state to the
J™=1" mixed-symmetry state of the scissors mode with a

strength given by*?%148
3 8NN
B(M1)=Em_—lv (8x—8») 13- (3.29)
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It is to be noticed that only valence nucleons contribute to
the strength. Using the values g,=1 and g,=0 for *°Gd,
N,=7 and N, =5, one obtains B(M1)=2.8u2, a value re-
markably close to experiment.

The IBM form factor is computed by using the micro-
scopic expression for the s and d bosons. It therefore con-
tains some spin contribution. Its agreement with experiment
is satisfactory even at high momentum transfers, where the
spin term is dominant and where the TRM clearly appears to
be inadequate.lm'm8 These results have been confirmed in
subsequent calculations. 51152

The IBM description of the mode is, on the other hand,
closely related to the TRM. As we will see, in the classical
limit the IBM Hamiltonian indeed assumes the TRM form.

The M3 operator has a similar structure:

35
HM3) =\ = G (dFd s+ 850} d,)0),
(3.30)

where, in the absence of experimental data, the gyromagnetic
ratios are determined microscopically by a boson—fermion
mapping procedure similar to the one outlined for the M1
case. The model predicts24 three M3 transitions, one F-spin
symmetric transition, and two transitions of mixed symme-
try, including the scissors mode. Numerically,2*?° the mixed-
symmetry transition strengths were found to be quite strong
[B(M3)1=0.35-0.6u%b%], while the symmetric strength
turned out to be too weak [B(M3)7=0.09u3b%] in com-
parison with the experimental value'¥? [B(M3)1
=0.3u2b?].

2. Connection with the TRM and deformation law

The M1 strength given by Eq. (3.29) is valid in the
SU(3) limit. The most general IBM2 summed M1 strength
consistent with the conservation of F-spin symmetry is®*

3
BMD)T =1~ (0]5%|0)(g»—8.,) 1%

9 (N d) 2 2
=am E =1 8= 8) 1w (3.31)
where N, and N, denote the numbers of valence proton and
neutron pairs, respectively, N=N_,+N,, (N,) is the average
number of quadrupole bosons in the ground state, and P the
fractional number introduced by Casten:!>

NN,
N
The IBM2 M1 strength in the SU(3) limit is obtained as a
special case by putting ny=(N,)/N=2/3.
One can derive a semiclassical expression for the IBM2
strength by the following procedure.”? Let us write

N, =NP+N{P=d!.d,+d}-d,,

P=2

(3.32)

(3.33)

where d’; and d, denote the quadrupole boson creation and
annihilation operators, respectively. Being a scalar, N, can
be referred to the intrinsic frame. In the classical limit, the
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FIG. 2. Ratio between the IBM M1 strength com-
i puted in the semiclassical limit [Eq. (3.38)] and the
I experimental value in the rare-earth region.
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harmonic approximation holds. We can then transform to
shape variables by means of the canonical transformation

/ 1
a(22=a81)(d1,u+dr,ﬂ), ag’)= 2B.w
T

The w=1 cc.aponents are the shape scissors variables. We
can therefore take w to be the energy of the scissors mode.

In dealing with an axially symmetric system it is appro-
priate to take as the intrinsic ground state a HO wave func-
tion which is coherent only in the proton and neutron u=0
components of agz. We have

(3.34)

d =dy,.,
1’,0‘/’(‘ r()l'c (335)
dryc=0 (n#0),
where d| are pure c-numbers. It follows that
B.={a5).=2a{"d.. (3.36)

In the strong-coupling limit we then obtain

1 2 L \2] 1
003 [ o ] - £t

(3.37)

This equation shows that the number of quadrupole bosons
in the IBM2 ground state is strictly correlated with the
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Bohr—Mottelson deformation parameter 8. The link between
the M1 strength and the deformation is equally close. Indeed,
upon insertion in Eq. (3.31) we get

9 P
B(M1)1=——— wBB%(g,—8,) uy.  (338)

8w N—1

By virtue of this relation, the IBM2 strength appears to be
quadratic in the deformation parameter, in accord with ex-
periment. Such a property is hidden when the same strength
is expressed in the IBM2 formalism. Figure 2 shows that in
the classical limit of the IBM2 the experimental trend of the
M1 strength is closely reproduced. Another method for de-
riving the classical limit of the same IBM M1 strength (3.31)
has been developed in Ref. 91. The results are of the same
quality.

3. The TRM as the geometric limit of the IBM2:
explicit derivation

The close link between the IBM2 approach and the TRM
was explicitly proved in Refs. 154-157. Using coherent
states of the form

|¥,)=exp kE (agsy +ag-dy)||0), (3.39)
=m,Vv
the IBM Hamiltonian becomes a classical one:
H(aslt’ak ’a;kk ’a;ck)=<q,a|HBl\I’a)v k=p7"' (340)
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Because of the conservation of the total number of
bosons N, ag; can be expressed in terms of N and a;. The
resulting Hamiltonian depends on ten coordinates a, and
@, , five for protons and five for neutrons, and their complex
conjugates, as in the two boson models illustrated previ-

ously.

The link of the IBM, as well as of the other boson
model, with the TRM can be established by the following
procedure.

One can transform these shape coordinates «; into the
intrinsic coordinates B; and v, and the Euler angles (aB7)
by the canonical transformation

.= a;, DNy, (3.41)
14

and similarly for the conjugate momenta 77, . In this equation

the a; , are given by the expressions

aro= By cos v,

1

Ay +r=—= sin , (342)
k,x2 \/EBI: Yk

ag,+1=0.

In the IBM the deformation parameter 7y is equal to the cor-
responding Bohr and Mottelson quantity, while the param-
eter B is a function of the parameter 8 of Bohr and Mottel-
son.

In order to derive the Hamiltonian describing the scis-
sors mode, one must freeze the shape variables by taking
their equilibrium values. For an axially symmetric system
one has y,=vy,=0, while the values of B are obtained by
minimizing the energy. Of the two sets of Euler angles ({2
=apy), the angles y are redundant if we impose the condi-
tion L7=L5=0 consistently with the assumption of axial
symmetry. The remaining angles can be transformed to an
angle 0 between the symmetry axes and to a set of Euler
angles describing the orientation of the full system, exactly
as in the TRM. This program was carried out explicitly, for
instance, in Ref. 154. The starting point was an IBM2 Hamil-
tonian of the form

HB=EO+£d(nd1T+ndV)+KQ'n"Qv+)\M- (343)

After having followed the above prescriptions, by making an
expansion in @ and keeping the quadratic terms in the angu-
lar momenta L, “ the authors obtained, to lowest order in the
1/N expansion, apart from a constant,

1 1 1
H= D, = (phtpl)+ = pap,t=CO, (3.44)
k=m,v 3]: 311'1/ 2

where py,, = (1/Ny)Ly,, . The inertial parameters J; and J,,
and the restoring-force constant are complicated functions of
N, By, and the other parameters entering into the starting
Hamiltonian.

The classical Hamiltonian (3.44) is formally identical to
the TRM Hamiltonian (2.3). The only difference is the pres-
ence of the coupling term L - L,,, which in the TRM appears
only for N#Z.
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One can therefore requantize the Hamiltonian by follow-
ing the TRM procedure and obtain, as in the TRM, a two-
dimensional HO Hamiltonian in 6. The excitation energy
of the mode is now given by

4 2 1\]"?
C(:Tk'aw)} ’

N
The moment of inertia and the restoring-force constant are
estimated using standard IBM parameters. Taking the aver-
age value 1/3=1/3,+ 1/3,, one obtains for *Gd the value
0=2.96 MeV, which is a good approximation to the ob-
served value w=3.1 MeV.

We have already pointed out that the IBM and TRM
form factors practically coincide up to moderate values of
the momentum transfer. The IBM is more successful at
higher momenta. The success of the IBM over the semiclas-
sical description is generally attributed to the fact that in the
IBM the neutron—proton rotational oscillation is executed by
valence nucleons only. In order to check this point, it was
assumed in the TRM that only the part of the proton and
neutron fluids external to an inert core takes part in the
motion.'® Such a change, however, spoils the agreement of
the TRM with the experimental form factor. The success of
the IBM description is rather to be ascribed to dynamical
correlations which, among other things, allow, though effec-
tively, for spin contributions. In particular, the rather satis-
factory agreement of the M1 IBM form factor with experi-
ment at high g values is due to the spin degrees of freedom,
which are effective only at high momentum transfer.

Though accounting well for the collective properties of
the M1 mode, the IBM2, like all other phenomenological
approaches, cannot account for the M1 strength distribution.
Attempts to explain the fragmentation of the strength by in-
cluding additional bosons®"*® or by changing the parameters
of the Majorana force'>® were clearly inadequate.

w=

(3.45)

4. MICROSCOPIC DESCRIPTIONS: SHELL-MODEL
CALCULATIONS

All boson descriptions are based on the quantization of
the quadrupole shape variables a, and «, and lead in the
geometric limit to a semiclassical description formally
equivalent to the one provided by the TRM.

However, important differences appear between the
same boson descriptions when these are in quantized form.
This is to be expected, since the Hamiltonians and the meth-
ods used to handle the eigenvalue problem differ from model
to model. In particular, a major difference between the IBM
and the other two models can be noticed. While in fact the
IBM is a boson number-conserving scheme, the other two
approaches are not.

The microscopic implications of such a difference are of
great importance. The IBM bosons, as we saw, can be con-
sidered to lowest order as highly correlated valence nucleon
pairs. The bosons in the NPD and the GCS models are in-
stead to be viewed to lowest order as highly correlated p—h
nucleon states. The IBM can indeed be considered as a trun-
cated shell-model scheme in which the valence nucleons are
so strongly pairwise correlated that they allow a description
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in terms of bosons. The microscopic counterpart of the NPD
and CGSM is to lowest order the random-phase approxima-
tion (RPA) scheme.

The microscopic descriptions of the scissors mode in-
deed fall into these two major schemes, the standard shell
model and the RPA. The shell model has been adopted to
study M1 excitations only in light and medium-light nuclei.
In heavy nuclei, calculations of this kind are prohibitive be-
cause of the exceedingly large dimensions of the configura-
tion space. Only shell-model calculations with a group-
theoretical basis and relying on severe approximations have
been carried out for heavy nuclei.

A. Shell-model approaches in light nuclei

Zamick®®~* has shown that M1 states with a strength of
about 1 ,u,,zv can be generated in the restricted f7,, shell-model
space. These states have the form

¥,= ;v DJ(Lanv)[(f%/Z)Lp®(f";/Z)Ln]J? (4.1)

p=n'
where v is the seniority quantum number, and D; is the
probability amplitude for two protons, coupled to angular
momentum L, and n neutrons, coupled to angular momen-
tum L, , to couple to total spin J.
The M1 operator induces a transition from the J"=0*
ground state to the J™=1" excited states with a strength

B(M1, 0F 1) =|[(¥, +IlLAB(M1))IW 4+ )|

=(3/4m) u3(8,~ 8n)”
2
X LE Do(LLv)D (LLv)L(L+1)| ,

(4.2)

where the proton and neutron gyromagnetic factors are the
effective ones appropriate for a single j shell:

l &8s

=— g4+ ==, 43

8 F 81 2j (4.3)
Using the orthogonality relation

2 Dyo(LL)Do(L'L)= 81y, (44)

it is straightforward to obtain the integrated strength

> BA(ML1,0"—1})=(3/4m)ui(g,

—g")zg IDo(LL)|?L(L+1). (4.5)

The appearance of the factor (g,—g,) stresses the isovector
character of the transitions. The scissors nature can be
proved by rendering explicit the link with the TRM. Indeed,

) 1
2 ID(LL)PL(L+1)= (|} ¥o) = 7 (¥ol*| W)

1

=—Jo.

7 (4.6)
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We then obtain the standard TRM expression (2.11). In this
case, however, the strength receives a contribution from both
the orbital and the spin components. This is due to the fact
that the calculation is carried out within a single j shell, so
that the M1 operator takes the form (2.63) with effective
gyromagnetic ratios (4.3). Similar expressions have been de-
rived for the strengths of magnetic transitions of higher mul-
tipolarity (A=3,5,7).

Numerical calculations have been performed for Ti iso-
topes, using a nucleon—nucleon interaction determined em-
pirically from the observed levels of “*Sc under the assump-
tion that these “’Sc states are due to the configuration
(1f77)%. The numerical results show that the M1 transition
strength is mostly concentrated in the lowest J"=17 state.
The strengths of the transitions of higher multipolarity are
instead strongly fragmented and have a spin contribution
which increases with the multipolarity, a result also found by
Heyde and Sau.'®

The schematic shell model underestimates the orbital
(with respect to the spin) contribution to the M1 strength. For
“Ti the calculated ratio is R= B,/ B,~0.86, while the ob-
served ratio is R=3.5. If configuration mixing with a higher
shell is included,'®"!®? the ratio increases to R=2.5. The
calculation reproduces nicely the M1 and M3 form factors.

Studies of the M1 mode in Ti isotopes have been carried
out with satisfactory (and, in many ways, similar) results also
in the RPA.”!

B. SU(3) shell model

It has already been pointed out that the M1 mode is
excited through the operator

L=LP—L®, 4.7)

If we confine ourselves to a major shell and use a HO basis,
the L” can be viewed as the generators of the SU (3)
groups. The connection with this group can be made more
transparent by observing that

S, 10)=—(87/15) m(w,+w3) >, |[K™=1* n) (K™

=1%n|Q.,|0), (4.8)

where
Q=r12;Y2,1(rp)_r,2,Y2‘1(rn). (4'9)
(1)

Namely, L acts just like the quadrupole operators Q] ,
which are also generators of SU (3).

In the SU(3) model'®® the Hamiltonian is composed of a
HO one-body term H, plus a quadrupole—quadrupole
(Q-Q) two-body potential. For a given major shell this in-
teraction represents the leading term in the expansion of any
long-range Wigner interaction. Its use is therefore justified in
the LS coupling limit. This is the case for light nuclei. For
these nuclei, isospin is also a good quantum number. The
states must therefore belong to the antisymmetric represen-
tation of the group SU(3)®SU,.(4). Being the orbital
space of a major shell of degeneracy s, the states with a
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given symmetry can be classified according to the irreducible
representations of U(s), U(3), and SO(3). If the spin—
isospin components are characterized by S and 7, the basis
states can be written

|¥ ) =|[FI(Au)KLMST), (4.10)
where [ f] and (Au) label the U(s) and U(3) representations,
respectively, KLM are the rotational quantum numbers, and
S and T label the spin and isospin wave function. The scis-
sors states are obtained by acting with the scissors operator
S+ on the ground state. In 20Ne, for instance, the M1 state is

[1*T=1)=5,|[4](80)K=0, L=J=0, S=0, T=0)
=|[31)(61)k=1, L=1, §=0, T=1).  (4.11)

It is worth noting that the generator S, transforms the com-
pletely symmetric (antisymmetric) orbital (spin—isospin) part
into one of mixed symmetry. In other nuclei with T#0, like
2Ne, S, generates more than one scissors state.

A shell-model SU(3) study of M1 excitations in light
nuclei of the sd shell, like 2Ne, 22Ne, and 3%Ar, and of the
pf shell, like **Ti, was carried out by Poves et al.**=*” The
findings of their calculation were as follows:

(i) The integrated M1 strength of all J"=17 states is
SB(M1)=2.43y% in Ne and SB(M1)=3.60u% in 3°Ar.

(ii) In °Ne, 75% of the strength is concentrated in the
lowest J7=17 state at =11 MeV and comes mostly from
the convection current.

(iii) In 36Ar the strength is shared mainly by four J”
=1" states. The difference between the M1 distribution in
the well deformed 2°Ne and that in the vibrational ®Ar can
be interpreted as a confirmation of the peculiarity of the scis-
sors mode, whose existence is closely related to deformation
according to the TRM and the schematic RPA.

In heavy nuclei the SU(3) symmetry is spoiled by the
strong spin—orbit coupling term. This causes a large separa-
tion between the members of the Nilsson spin—orbit doublets
and pushes the state of maximum j down to the next lower
major shell. As a result, a major shell is composed of a set of
normal-parity orbits and one abnormal-parity s.p. state.

One can observe, however, that the states of a given N
shell with /—1/2 and (/—2)+1/2 are very close in
energy.”"“166 Exploiting the fact that the normal-parity
states of a given shell have the same total angular momenta
as the levels of an oscillator shell with N=N—1, one can
make the mapping N-N—1, [—-12—-1+12=(-1)
+1/2, (I-2)+12—-{-1)—-1/2.

After relabeling the Nilsson states with pseudo-oscillator
quantum numbers [NAAQ], the members of the new spin—
orbit doublet with Q=A+1/2 appear very close in energy.
The normal-parity states can therefore be classified accord-
ing to a pseudo-SU(3).'67168 Such a scheme can work only
under the assumptions that (i) particles in the abnormal-
parity single j shell are dominated by the pairing interaction,
so that the dominant configurations arising from this shell are
zero-seniority states with J4=J4=0; (ii) the interaction be-
tween normal- and abnormal-parity states is weak; (iii) pro-
ton and neutron spatial wave functions in the normal-parity

571 Phys. Part. Nucl. 28 (6), November—December 1997

space are totally symmetric, so that S, = S, »=0. Under these

assumptions, the nuclear state is of the form*>*

V=YY m. (4.12)

where the completely antisymmetric normal-parity (¥7,,)
and abnormal-parity (W,) states are, respectively, classified
according to the chains

U(Q3)—U(Qyp)@U(2)—SU(3)8SU(2)—~0(3)
®SU(2)—SU(2),
U(Q5)—-S,(25)—0(3),

(4.13)

where )y and ), are the dimensions of the two groups and
S, is the compact symplectic group. Because of the pseudo-
spin s.p. basis and the assumptions made, the magnetic-
dipole operator .Z(M1) is purely orbital:

MHM)=Hg,+8,)L+Hg,—8)L,—L,). (414

The theory predicts from one to four J7=1" states, the ac-
tual number depending on the leading SU(3) proton and
neutron irreducible representations. For completely symmet-
ric proton and neutron SU(3) representations (A ;,0)
X(X\,,0), as in *Sm and 28U, there is only one J™=1"
state. For such a state the M1 transition strength is given by
2\,

(Az+AN,—1)°

(4.15)
which has the same structure as in the IBM2 expression
(3.29), with A, replacing N .

When only one 7 (or ») irreducible representation is
symmetric, as in 3Gd, there are two J™=1" states, both
collective. In general, as in '%Dy or !®*Er, neither the
SU (3) nor the SU,(3) ones are symmetric. In this case
there are four J”=1" states, three of them corresponding to
K™=1" bands, and the other belonging to a K"=0" band.
Only two of the three J™=17 states have large M1 strength,
while the state belonging to the K"=0* band is moderately
collective.

Aside from the M1 strengths, the authors have also cal-
culated the magnetic moments u, which fixed the gyromag-
netic factors (g,=1 and g,=0), as well as the branching
ratio B(M1, 1*—2*%)/B(M1, 1*—0%), which supports
the axial symmetry of the nuclei under study. The calcula-
tions underestimate the M1 strength by about a factor of two.

B(MI1, J™=0—1%)=364m(g,—g,)>

5. RPA DESCRIPTIONS

Most of the experimental analyses have been devoted to
the search for and characterization of the mode in heavy
nuclei, especially of the rare-earth region. The main feature
of the mode in these nuclei is the fragmentation of the M1
strength. None of the phenomenological or schematic ap-
proaches discussed previously can account for such a prop-
erty. Full shell-model studies would be needed. They are not
feasible, however, for heavy nuclei. One must therefore rely
on approximations. The RPA has been the approximation
scheme adopted most extensively.
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A. RPA general formalism

In the RPA the nuclear eigenvalue problem is formally
converted into a HO eigenvalue equation.'**!™ For this pur-
pose one defines the eigenstates of the nuclear Hamiltonian
as

Ix)=05]0), (5.1)

where the operators Oy are such that its Hermitian conju-
gates satisfy the equation

0)\|0)=0. (5.2)

This last equation defines the nuclear ground state |0) as the
vacuum for the operators O, and Oy . Such a vacuum is in
general a highly correlated state. Because of the above as-
sumptions the eigenvalue equation can be written in the HO

form
[H,0,1|0)= 0,0, |0)=(E\—E;)0y|0). (5.3)

The RPA consists in solving these equations in a restricted
p—h space, so that the operator Oy is of the form

0y=2 (Y\a'a,—Z),ara,). (5.4)
The states |\) are normalized according to
S =(\x")=(0]0,0;,|0)=(0l[ 0y ,0.1|0)
=(|[0x.0%11), (5.5)

where |) is the p—h vacuum. The last approximate equality
expresses the quasiboson approximation. By virtue of this
approximation, the normalization condition yields

2 (VoY ph= 2o Zp) = O (5:6)
The RPA eigenvalue equations are
o o] |7 =hen | 23] 57
where
Apnprw=(Ila}a, ,[H,a;rah']m=(8p“8h)5pp'5hh'
FVontnp: (5.8
Bphprn = (|[a a,,[H, ah’ap A=V prhn-

The transition amplitudes for the generic one-body operator
W are given by

(\w|o)=(0|[0\ ,W1|0=(|[ O, ,W]|>=§ (Yhw

+ZNWhy). (5.9)
In the QRPA the states have the form
INy=0]10)=2 {Y}zalal—Z)s050,}0), (5.10)

where al, (@,) are creation (destruction) quasiparticle opera-
tors defined by the Bogoliubov transformation
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-

a —uaaT Volg,

(5.11)
ua+va= 1.

The QRPA eigenvalues are still obtained by solving Egs.
(5.7) with the matrix elements

Aaﬁ,75= <0|[aﬂaa ,[Haa;a}]:”o)g(Ea'l_Eﬂ) 5(178[15
+Vaﬂ75’

Baﬂ,'y¢$= (Ol[aﬂaa ’[H,aﬁay]:”o)g‘;’z’zﬂ)'ﬁ’

where E,, is the quasiparticle energy and |0) is now the qua-
s1pamcle vacuum. We omit the explicit expressions for
Vaﬂ.,,; and Vaﬂya, which are rather involved and can be
found, for instance, in Ref. 169.

The QRPA transition amplitudes for the generic operator
W are given by

(5.12)

(\[wlo)=(0][0, ,W]|0)= 2 (YARW op+ ZhpW go)

(5.13)

where 7=+1 or —1 according as the operator W is even or
odd under time reversal.

The eigenvalues and the transition amplitudes can be
determined only numerically, using a proper s.p. deformed
basis. In the BCS approach only the coefficients #, and v,
are determined self-consistently by using the pairing force
only, while the s.p. basis is determined independently. In the
Hartree—Bogoliubov (H.B.) method both the s.p. states and
the u, and v, coefficients are determined self-consistently
from a unique interaction.

X(uavﬂ+ Tl)aup),

B. RPA Hamiltonians

The first studies of the mode have been carried out in the
schematic RPA.3*37 As already pointed out, their results co-
incide with those derived in Sec. 2.D for the TRM. We will
therefore not report on them. We mention only that a sche-
matic calculation which accounts also for spin admixtures
was carried out to compute the M3 transition.!”! The results

were close to those derived for the TRM.!%

Apart from a few calculations using a Skyrme
interaction® or a Landau—Migdal force,’*"%® most of the
realistic studies have been carried out using a separable in-
teraction either in the RPA (Refs. 52—54, 56—-58, 60—66, and
69—77) or in the Tamm-Dancoff approximation.’”

A guide for guessing which multipoles should enter into
the interaction is provided by phenomenological and sche-
matic models. From their analysis we can infer that an RPA
Hamiltonian should contain at least the following terms:

H=Ho+ VP—P+VQ—Q+V0'0‘ (5.14)
The first term is a one-body deformed Hamiltonian
H0=2i h,=2 (Ti+Vi)v (5.15)
1]

where T; is the nucleon kinetic term and V; is the nucleon
deformed potential. This is either of the Nilsson’® or the
Woods—Saxon form (for instance, Refs. 53 and 60). The
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p—h energy spectrum produced by the one-body potential is
extremely fragmented with intermixed orbital and spin
excitations.!"2173

The second part is the monopole and quadrupole pairing
for protons and neutrons,

V. ,,=k2 [GPPPTPP+GIPPTPP],  (5.16)
<.,
where
P,=§:,3 [al®al];. (5.17)
a,

The third part is the Q—Q interaction, which in the isospin
formalism is

Vo-o=112 % xo(DIRMNE(D)+Q (NQT)],
(5.18)

where

0
Q(T= 1) =0+ (5.19)

Finally, we have the spin—spin interaction

Voo=12 2 Xo(DLo(T)o"(T)+a"(T)a(T)],
' (5.20)

where

0'( =0) =sP) x5, (5.21)
The importance of the Q—Q and monopole pairing interac-
tions becomes clear from the microscopic analysis of the
TRM or, what amounts to the same thing, from schematic
RPA calculations (Sec. 2.D). As shown there, the quadrupole
fields are closely related to the proton and neutron angular
momenta. They enter directly in the M1 p-h channel.
Monopole pairing qualifies the rotors as superfluids and has
the effect of quenching the M1 strength without spoiling the
scissors picture. The necessity of the quadrupole pairing can
be inferred from the fact that the L=2 correlated valence
pairs are the building blocks of the IBM states. The major
role played by such a term emerges explicitly from display-
ing the structure of the schematic SM wave function:*

Wo=Dy(L,=0, L,=0)|0)+Do(L,=2, L,=2)|(2,
®2n)0)’
\I,l:'Dl(Lp=2o Ln=2)|(2p®2n)l>'

(5.22)

The M1 transition is clearly due to the L=2 correlations
among like valence nucleons. Monopole and quadrupole
pairing have the effect of redistributing the p—h M1 spec-
trum by inducing a concentration of scissors excitation
around 3 MeV.!">!” The role of quadrupole pairing in the
RPA was studied in Ref. 70. The spin—spin term is dictated
by the spin—orbit admixtures in the s.p. states and by the
large number of low-energy p—#h spin excitations intermixed
with the orbital ones. Because of its repulsive character, the
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spin—spin interaction has the important effect of pushing up
in energy the spin excitations, which become separated from
the M1 orbital transitions, in accord with experiment and
with the scissors picture.’8

Although all the terms included in Eq. (5.14) play a ma-
jor role, we cannot rule out the possibility that other parts of
the nuclear Hamiltonian not present in Eq. (5.14) may affect
the M1 channel. It has been stressed, for instance, that the
so-called recoil term reduces the fragmentation of the two-
quasiparticle spectrum, thereby concentrating the strength
around a main peak, in accord with experiment, and enforces
the scissors nature of the transitions.!’*176

C. Spurious rotational admixtures

The study of the mode in a realistic RPA approach has
encountered a series of problems.'”” A major one was the
occurrence of spurious rotational admixtures, pointed out for
the first time in Ref. 60. Since the RPA eigenvalue problem
is formulated in the intrinsic system, the RPA ground state
breaks the spherical symmetry, so that

J.1]0y2o0. (5.23)

This state separates out at zero energy from the other RPA
states if the starting Hamiltonian is rotationally invariant. In
this case, in fact, we have

(H—Eo)J +,|0)=[H,J +,]|0)=0. (5.24)

Namely, J ,,|) is an exact eigenstate with zero eigenvalue. It
is therefore automatically orthogonal to the other RPA states.

The Hamiltonian used in almost all calculations, how-
ever, is not rotationally invariant, so that

(K™=1*|7,,]0)#0. (5.25)

Several techniques have been developed to remove the rota-

tional state. The first one® consists in adding a symmetry-

restoring term to the Hamiltonian:
H—H'=H—Y, v\ J_0f(K™=1%), (5.26)

where the Lagrange multipliers \, are determined by the
constraint

(K™=1%,9|7,|0)=(0]0 (K™=1%)7,]|0)=0. (5.27)

Since such a condition depends upon the solution, the RPA
equations become nonlinear, so that their final determination
requires an iterative procedure.

A second procedure, adopted in the TDA,”® consists in
using the Schmidt orthogonalization procedure on the two-
quasiparticle states. These have the form

Iala2>=|ala2)sp_~,+|0><0l]—lala2>sp- (528)

The states so constructed are no longer eigenstates of the
starting unperturbed Hamiltonian, so that an iterative proce-
dure is needed also in this case.

A third procedure, adopted in Ref. 72, consists in using
the Pyatov prescription'’® of replacing the quadrupole field
in the Hamiltonian by

F{=[Hy,J 1. (5.29)
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The condition of rotational invariance

[H,],]=0 (5.30)
imposes on the fields F the following constraint:
t t
Ll ([FP IO+l (F TP =0, o

U t
L+ ko[ TP+ ([FP TP =0,

In other approaches’’ the problem is avoided by using a
Jj-projected s.p. basis, which makes it possible to formulate
the problem directly in the laboratory frame. Finally, the
separation can be achieved by using a self-consistent basis.
This has been done in Ref. 61, and partly in Ref. 55. The
problem can be clearly illustrated in the schematic RPA.'7

D. Self-consistent fields and rotational admixtures: a
simple approach

Let us assume'”® that Z protons and N neutrons move in
a spherical HO mean field with frequency w, and interact
through a Q—Q force. The Hamiltonian therefore has the
rotationally invariant form

H= H0+ XE (Q(P)* (P) (")* ("))
+ = Xpnz (Q(p)* ('l) (")* (P)) (5.32)
where
<T>—E as(i)= 2 rY§(). (5.33)
i

1. Self-consistent mean field and doubly stretched
coordinates

In the Hartree approximation we obtain, for the ith pro-
ton or neutron deformed mean field, :

1
V;[)=E maoyri—Bmwqsy (5.34)
having defined
(P)y 4 (n - B, mw?,
x{Q36") + Xpn{Q %)= Bymwy (5.35)

X(Q(2'('))) + Xpn(Q%)) == Bnm wO'
The Hartree potential can be written in the form of an aniso-
tropic HO potential

1 1
V=2 moi(n)(x} (4 xi7") + 2 moi(Nx” (536)
with frequencies
2 1
wl(r)=w0 1+—51=w0 1+_6T ’
3 3
(537

4 2
w3('r)=wo 1_381-2(00 1'—561- N

where §,=45/(167) B, . The same potential can be put in
the ““spherical’’ form

574 Phys. Part. Nucl. 28 (6), November—December 1997

1 2
VO=2 ol 52 539)

if we use doubly stretched coordinates'®%18 x;= (w;/ wy)x; .

These are to be used in the quadrupole operator entering into
the O— QO Hamiltonian so as to preserve its spherical charac-
ter. This transformation indeed ensures that the Hartree field
is not further distorted once the interaction is switched on.
We have, in fact,

(0%)=(0%)=0 (539)
if we impose the conditions
T T T
A’ =03 =af)3 (5.40)

where =7=37(n;+1/2). The explicit form of the Q opera-
tors is

~ W)W,

:1—‘;)‘(2)_ *+1»

_ o

:227 Q+2, (5.41)

V5

0.0= (‘”1+2w3)Qo '3—2'(“’1 ®3)r*Y op.

Since the doubly stretched quadrupole operator also contains
a monopole term, the new Q—Q potential is composed of
pure quadrupole—quadrupole plus monopole—quadrupole
and monopole—monopole terms.

The Hartree conditions fix the isoscalar coupling con-
stant. Summing the two equations in (5.34) and making use
of standard formulas for the quadrupole moments, we obtain,
to lowest order in &, the well known result'

47 mw%

5 A(r?)”
The isovector coupling constant x(1) can be derived from the
symmetry-energy mass formula'*® and turns out to be related
to x(0) by the ratio b=— y(1)/x(0)=3.6. According to
some analyses,75’184 however, this value is too large.

A quasiparticle RPA calculation formulated in the AN
=0+2 space has been carried out.'” It was shown that, by
virtue of the self-consistent conditions (5.35), the schematic
quasiparticle RPA gives a vanishing root. This is the eigen-
value of the redundant rotational mode. Such a state turns out
to be completely removed from the intrinsic ones. Indeed,
one obtains

(n,K™=17%|L . |0)xP(x)=x*+ax’+bx+c=0, (5.43)

1
X(O)zi (X+Xpn)=_ (5.42)

where P(x)=P(w?)=0 is the eigenvalue equation giving
the roots of the M1 physical states.

This method of removing the spurious rotational state,
though developed within the schematic RPA, has a more
general validity. Indeed, the Hartree conditions (5.35) can be
written in the form

1 t
14k, ([FP TP +k,[FP M1y =0, (5.44)
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T T
1tk [FS TP + k([ FP,TPT) =0,
where

F{"=[H,,J"]. (5.45)

These constitute precisely the Pyatov ansatz (5.31) for re-
moving the rotational mode. They are therefore valid for any
one-body potential and any separable Hamiltonian.

2. Scissors sum rule in the RPA

It has already been pointed out that for the scissors mode
the energy-weighted M1 sum rule is given by Eq. (2.66).
This quantity has been computed in phenomenological do-
mains such as the IBM2,”36-% in the spherical shell
model,*? and in a schematic approach using a deformed
mean field (no interaction).8! Recently, the same sum rule
has been computed in the RPA.!® For this purpose a sepa-
rable interaction which includes a Q—Q interaction with
doubly stretched coordinates has been adopted. The final re-

sult was

(5.46)

(sc (Ml ) — (S(sc)+S(sc) (SC))gr”‘N

The first term comes from the Hartree field and is given by

1
$¢9=3 2, (OlISL[Ho.5,1110)=3mof(8,(0%)

+B,{0W)), (5.47)

which is what was obtained in Ref. 81, where only a de-
formed mean field was considered. The second part comes
from the two-body interaction involving the monopole op-
erators and is given by

SV= —3mwd(BAOR)+ B{OW)).

It is equal and opposite to the one-body contribution (5.47),
which therefore cancels. Therefore the only remaining con-
tribution is from the pure Q—Q potential, apart from modi-
fications induced by the use of stretched coordinates. This is
given to lowest order in & by

(5.48)

SEw(M1)=— i x,,n( 2, BY(E2)!

-3 BE."(Ez)T), (5.49)
n
which is the result obtained in the spherical shell model.*?
Stretched coordinates are responsible for higher-order terms,
which, however, are not negligible.'®® Experimentally, the
E2 strength to the lowest 2" state is orders of magnitude
larger than the strengths of the other transitions. If these are
ignored, one obtains

9
0TBM1) T+ oHB(M1) P =— 7= Xpn

x B (E2)1. (5.50)

It follows that
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B(M1)®aB)(E2)1x 8% (5.51)

The sum-rule approach presented here gives a quite general
theoretical proof of the quadratic deformation law holding
for the M1 strengths of both low-lying and high-energy scis-

sors modes.

E. Realistic RPA calculations

The earlier RPA calculations produced contradictory re-
sults. Some of them had seriously questioned the scissors
nature of the mode.>>*>° The reason for these discordances
can be easily explained. The M1 channel is extremely sensi-
tive to the s.p. energies, to the kind of interaction used, and,
for a given interaction, to the choice of the strengths of the
different separable pieces. As already pointed out,'”’ these
early approaches used different and incomplete Hamiltonians
and relied on several untested approximations. Moreover, the
M1 states produced by these calculations were contaminated
with spurious rotational admixtures. Most of the recent stud-
ies are free of most of these limitations and, consequently,
tend to converge to similar results.

The goal of RPA calculations can be summarized in the
following points. They should (i) account for the collective
properties of the mode, such as the quadratic deformation
dependence of the total M1 strength; (ii) exhibit the micro-
scopic structure of the M1 states, so as to enable one to
decide about the scissors nature of the mode; (iii) reproduce
closely the energy distribution of the M1 strength.

Conceming the first point, calculations carried out by
different groups have reproduced fairly well the deformation
1aw.%477 The crucial role of pairing correlation in enforc-
ing such a law was particularly stressed. As clearly illus-
trated in Fig. 3, the agreement with experiment would be
almost perfect if the spin contribution could be
suppressed.”*” Indeed, such good agreement was reached in
Ref. 77, where the spin contribution was effectively sup-
pressed by the j-projected basis. In this basis, in fact, defor-
mation is taken into account only perturbatively. The neces-
sity of spin suppression dictated by the experimental data
supports implicitly the scissors picture. Such a picture is
tested more explicitly by computing the summed overlap

2 (K nlw?, (5.52)
where | i) is the scissors state defined as
|4sc) =@ P]0)+ I 0). (5.53)

The coefficients are determined by imposing its normaliza-
tion to unity and its orthogonality to the rotational state:

<¢scl¢sc>= 1, (‘/’scl"+|0>=0' (5.549)

The summed overlap for the states below 4 MeV is found to
be about 40%, a very large number in view of the fact that,
as discussed in Sec. 2.D, the model predicts another scissors
state at high energy.!”’ This latter mode is predicted also by
realistic RPA calculations.>®%%7276 Jis degree of fragmenta-
tion, however, is not settled. It seems!®® that if the two-
quasiparticle space is truncated up to 30 MeV, the mode is
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basically not fragmented, in agreement with the schematic
picture.'”” It becomes strongly fragmented if the two-
quasiparticle space is enlarged.

As we said, the systematic experimental study of the
scissors mode has led to the other interesting discovery of
spin excitations.2"?? These have been detected in >*Sm and
156Gd in the energy range 5—11 MeV and have a very pecu-
liar property. The profile of the spectrum exhibits two dis-
tinct bumps. These transitions have been studied with good
success in the TDA (Refs. 187 and 188) as well as in the
RPA (Refs. 67, 68, 70, 74 and 77). There is, however, no
conclusive interpretation of the observed two-peak structure.
It is indeed not clear whether the two peaks correspond to
different proton and neutron excitations’®""187188 o are of
isovector and isoscalar nature.” The calculations which sup-
port the first picture use a vanishing coupling constant for the
isovector spin—spin interaction. The supporters of the other
interpretation use a nonvanishing value. In the first case, de-
formation plays an important role; in the second case, it is
not relevant. This fact suggests that the issue can be settled
by a systematic analysis which covers both spherical and
deformed nuclei.

RPA calculations have been carried out to describe the
M1 excitations not only in rare-earth nuclei, but also in
actinides,“"73 in medium-light nuclei,”! and in medium
nuclei.®> On the whole, the results are satisfactory. An un-
solved problem remains, however. The energy distribution of
the M1 strength is not well reproduced. This suggests that
maybe the RPA space should be enlarged so as to allow for
higher configurations.

6. BEYOND THE RPA: THE QPNM APPROACH

Notably, TDA and RPA calculations are carried out in a
p—h or two-quasiparticle space. On energetic grounds, how-
ever, higher-order configurations can also contribute to the
mode. Many four-quasiparticle excitations fall within or just
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above the energy range where the low-lying M1 transitions
are observed. In order to study the effect of these states, it is
necessary to enlarge the space. This has been achieved
within the QPNM.” In this approach® the nuclear system is
studied in a space spanned by one plus two RPA phonon
states. Most of the properties of all nonrotational states up to
2.5 MeV in deformed nuclei, including all EX and M\ tran-
sitions, have been studied in this scheme.'3%-19

A. Brief description of the QPNM

The starting QPNM Hamiltonian has the following
structure:

H=Hs.p.+Hpair+HM+HS+HT’ (6.1)

The first term is the one-body Hamiltonian, which includes a
deformed axially symmetric Saxon—Woods potential, the
second is a proton (neutron) monopole pairing interaction,
and the other three are isoscalar and isovector spin-
independent (H,,), spin-dependent (Hg), and tensor (Hy)
two-body interactions. All these terms are written in sepa-
rable form. The two-body interaction acts in the p—#h as well
as in the particle—particle (p—p) channels. The p—p com-
ponent of the spin-independent part yields also a quadrupole
pairing term, which adds to the monopole pairing interaction.
One may notice that the QPNM Hamiltonian is considerably
more complex than those adopted in the RPA.

The first step of the QPNM is to make use of the Bogo-
liubov canonical transformation and to express the Hamil-
tonian in terms of quasiparticle operators a,, and a;(,. The
symbols go stand for the s.p. asymptotic quantum numbers
qo=Nn,A7 for K"=A+1/2 and gqo=Nn,A| for K"=A
—1/2. RPA phonons are then constructed:

1
Q;(mr=§ ‘“qu {*ﬁf,‘l"qu},,(qlqz)— ¢qu"quK—o(qlq2)}’
(6.2)
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where AL (g19,) [Ax,(q192)] are pairs of creation (annihi-
lation) quasiparticle operators. Their actual structure can be
found in Ref. 194, Using the equations defining Q},, and
Qxneo» it is possible to bring the Hamiltonian (6.1) into the
quasiparticle phonon form

HQPNM=Hq+HU+HUq’ (6.3)

where H, and H , are, respectively, the one-body quasiparti-
cle and RPA phonon Hamiltonians, and H,, is the quasipar-
ticle phonon coupling term. The expressions for them can be
found in Ref. 194.

Finally, the transformed Hamiltonian is put into diagonal
form by using the variational principle with a trial wave
function

¥, (cK™=1")

g
K}
2 V101020,

V1010207

1
=[2 RiQ+ 5 m
1

XPZ,vZQlIUIQIZUZ} ‘FOs (64)

where

ag p—
S01010,0, = 0oy + 0puiy ok (1 H By 0,

)2, (6.5)

The labels v and v, stand for the multipolarities of the RPA
phonons, v =(Agug);=(21); and v;=(Au); . The eigenval-
ues E, are the roots of the secular equation

det|(w,—E,) & ir

%(v1v2)U" Uv,

_ 2 U1V " V1V ”_0
vi>v, wvl+wuz+Aw(vlv2)+A(v102)—En ’

(6.6)
where
1 +%(Ul ,Uz)
(v vy)= _——1+5u1,v2 6.7)
The quantity w, denotes the RPA energies, U zlvz describes

the coupling between one- and two-phonon states, and % is
a term introduced to take fully into account the Pauli prin-
ciple in the two-phonon components of the total wave func-
tion [Eq. (6.4)]. This term induces the energy shift
Aw(v,v,) in the eigenvalue equation. The other energy shift
A(v,v3) is due to the coupling to three-phonon states not
included explicitly in the calculation. Its value is approxi-
mately A(v,vy)=—02Aw(v,v,).

B. Calculations and results

Numerical calculations have been carried out for a chain
of Gd and Dy isotopes. Single-particle energies and wave
functions were computed from the deformed axially symmet-
ric Woods—Saxon potential by solving the eigenvalue prob-
lem in a space spanned by quasiparticle plus quasiparticle
RPA phonon states for each odd nucleus. The calculation,
whose details can be found in Refs. 94, 194, 196, and 197, is
then iterated until good agreement with the experimental
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data is reached. Such a procedure fixes the parameters of the
potential as well as the quadrupole and hexadecapole defor-
mation parameters B, and B,. The values of all the param-
eters can be found in Refs. 93 and 197. The s.p. spectrum
was taken from the bottom of the well up to +5 MeV.

Two-quasiparticle configurations up to an excitation en-
ergy of 30 MeV were taken into account. Monopole and
quadrupole pairing were included in the calculation of the
quasiparticle energies and amplitudes. The quadrupole pair-
ing was extracted from the Au=20 p—p interaction. This
term plays an important role in determining the properties of
the O states in deformed nuclei.!”® For a fixed value of its
strength G?°, the strength of the monopole pairing was de-
termined so as to reproduce the experimental odd—even mass
differences. The blocking effect and the Gallagher—
Moszkowski corrections'® were taken into account in com-
puting the two-quasiparticle energies.

The separable interaction includes spin-dependent and
spin-independent p—A multipole terms. The strengths of the
spin-independent isoscalar p—#h interaction terms K();” were
fixed so as to reproduce the lowest experimental energy level
for each K™# 1% (Refs. 194-196). The only parameters left
were the isovector multipole constants and the spin strengths.
The former were fixed according to the relation «}¥
=—1.5«})*, in substantial agreement with other choices.5’
The spin isoscalar coupling constant was taken to be ten
times smaller than the isovector one, in accordance with the
estimates obtained in a sum-rule description of spin excita-
tions in heavy spherical nuclei.”®® All the parameters used in
the study of the M1 modes can be found in Ref. 93. The only
parameter left was the coupling constant of the isoscalar A
=21 Q-0 interaction. This was taken to be slightly larger
than a critical value, for which the lowest RPA K™=1" state
vanishes. With this value the redundant rotational state turns
out to be practically orthogonal to the other intrinsic states.
Its overlap with each one of them is less than 0.005.

The basis consists of RPA phonons with A=2-5 multi-
polarities. Twenty Au=21 phonons and ten of the others
were included. The K™=1" RPA states were computed by
including p—h and p—p isoscalar and isovector quadrupole
and spin—spin interactions. The M1 strengths have been cal-
culated by using a spin quenching factor g,=0.7.

The M1 strength distributions obtained in the RPA and
the QPNM for 'Gd are shown in Fig. 4 for illustrative
purposes.

From the figure and from a systematic analysis of the
results one may draw the following general conclusions:

i) In each nucleus the RPA calculation yields a strong
peak of the order of (1- 1.5),1L,2v. Because of the coupling to
the two-phonon space, this peak splits into two of weaker
intensity.

ii) The fragmentation induced by the coupling is other-
wise modest. It is appreciable only above 3 MeV. This re-
flects the fact that the coupling between one- and two-
phonon states is weak.

iii) On the whole, the moderate increase in fragmenta-
tion improves the agreement with experiment. This can be
improved by slight changes of properly chosen parameters.
As shown in the figure, a change of the strength of the Au
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=21 p—p (pairing) interaction produces sizable changes in
the M1 spectrum.

iv) The nature of the transition is not modified by the
coupling to the two-phonon states. Most of the strongly ex-
cited low-lying QPNM states are dominated by a single RPA
phonon. In both RPA and QPNM calculations, practically all
the transitions are of orbital nature. A modest spin admix-
ture, however, affects considerably the intensity of the tran-
sition. In general, the spin contribution to the amplitude is
additive.

v) The total overlap with the scissors state is 49% in the
RPA and 45% in the QPNM. Most of the remaining percent-
age goes to the high-lying states.

vi) The theoretical summed M1 strength is larger than
the one observed experimentally by a factor ~1.2-1.4,
mainly because of the spin contribution.

vii) As in the RPA (see Fig. 3) the agreement with ex-
periment would improve drastically if a mechanism leading
to a partial suppression of the spin contribution could be
found.

The QPNM was also adopted to study magnetic excita-
tions with higher multipoles, in particular the M3
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transitions.'®! It was found that the spin—octupole isovector
interaction plays an important role and shifts the M3 strength
up in energy into the region of the isovector magnetic reso-
nances. The remaining M3 strength is fragmented and
mainly of spin nature.

7. EXCITATIONS IN ODD-MASS DEFORMED NUCLEI

The question of whether the scissors mode survives as
we move from even- to odd-mass nuclei was posed some
time ago in studies carried out within the interacting boson—
fermion model (IBFM),>>% in the schematic RPA,” and
within the generalized coherent-state model (GCSM).”®

After a first unsuccessful attempt,” dipole transitions
which seem to have the properties of the scissors mode have
been detected in several odd-mass deformed nuclei of the
rare-earth region.”!%1%! The first experimental search for
M1 transitions in odd-mass nuclei was carried out in inelastic
electron scattering on 165H0.% No strong M1 transition near
3 MeV was found in this nucleus.

Subsequent NRF experiments on '®*Dy have detected a
sizable M1 strength around 3 MeV which, though more frag-
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mented, fits nicely into the systematics of the scissors mode
in the neighboring even—even Dy isotopes.'® A concentra-
tion of dipole strength with the same properties has been
found also in other rare-earth nuclei,?’ and more recently in
167gr 10! In this latter experiment, which covered a wider
energy range, 1.9-4.3 MeV, peaks around and above 4 MeV
have been detected. The interpretation of these excitations as
a manifestation of a scissor-like oscillation mode found sup-
port in a theoretical analysis carried out within the
IBFM.IOO’IOI

Though appealing, such a response cannot be considered
conclusive. In the IBFM, in fact, as in all other schematic
approaches,”™® the problem of fragmentation, which is of
crucial importance in odd nuclei, is overlooked.

The theoretical study of M1 excitations in odd nuclei is
rendered difficult not only by the extreme fragmentation of
some of these spectra, but also by uncertainties inherent in
the experimental analysis which will be discussed later. In
fact, the polarization techniques, adopted for parity assign-
ment in doubly even nuclei, are ineffective when applied to
odd-mass nuclei. Because of this limitation, the presence of
El excitations intermixed with M1 transitions cannot be
ruled out. The schematic models are clearly inadequate for
clarifying the nature of spectra of such complexity. One may
hope to gain a more clarifying response from microscopic
calculations. A fully microscopic calculation which accounts
also for the coupling to two-phonon states has been carried
out recently.'%

A. With RPA core states

Equations for describing the nonrotational states in odd-
mass deformed nuclei using RPA core states were derived in
Ref. 201. These states have the form

70
E qu qoo'0+ 2 z

49101 V20,

‘P:O((T()Kgo)=

n
X g,k 1+o3m3,00%P a0, ‘11"1Q"2"z Yo,

(7.1)
with the normalization condition
2 (Cp )2+ 2 (D},0) [1+Z5%g 300)]=1. (72)
Here the factor
F5(q1500)= =2 (42, )* (7.3)
q2

919,

comes from antisymmetrizing the quasiparticle—phonon
components of (7.1). This was done for the first time in Ref.
202. Using the above wave function, one deduces energies
and eigenvectors from the variational principle. They can be
found in Ref. 94.

B. With QPNM core states

As was shown in Refs. 93, 195, and 203, at energies
above 2.5 MeV the coupling to the two-phonon configura-
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tions induces fragmentation of the K™=1* and K"
=07,1" modes in doubly even nuclei. Being interested in
the distribution of the magnetic and electric transitions fall-
ing in the energy range 2.5-3.5 MeV, we need to take such
a two-phonon coupling into account also in odd-mass nuclei.
The mathematical procedure developed in Ref. 204 is fol-

lowed. The basic idea is to use the already fragmented
phonons in the wave functions of excited states according to
the procedure described by Egs. (4.86)—(4.90) in Ref. 94.
For this purpose, the following trial wave function is chosen:

2 C‘Io ‘10"0+ E

9101

‘I’ZO(O'OKZ;O)=

X )
v%z 71K+ oyp9,00Kg ‘11"2 ‘11‘71Q"2"2

)\2[1.2#7{1.

70

~n T
+ 2 E 80'3K3+0;400K0Dq en 43”3()_N7r70—

49303 no

XW¥,, (7.4)

with the normalization condition

70 70

2 (CR*+ X (D, ) 1+55(g1509)]

40 ql”Z_

Aua#Np
+E (D, 5= 1. (7.5)
q3n

The QPNM core states have the quantum llumbers {n, X
=2, p= 1} for the M1 excitations and {n, A=3, &=0} or
{n, \=3, w=1} for the AK=0 or AK=1 EI transitions,
respectively.

Under the assumption

[0, 251=0,
which is a valid approximation when the energy of the core
states is above 2.5 MeV, a variational calculation yields a
secular equation whose rank is equal to the number of one-
quasiparticle states of the wave function (7.4).

The E1 and M1 transition probabilities were computed
by using the total wave function

21+1
= F [ MK\I,nK"’a'

+(— I)H_KDQI—K‘I,nK'”—o']*

For the reduced El transition probabilities an effective
charge was taken:

(7.6)

‘I’l

nMK7o

(7.7)

‘”(Tz)——f(rz N;Z)(Hx). (7.8)

2

The factor y is a fitting parameter introduced to quench the
excessively large El transition probabilities obtained with
the standard expression (y=0). For the M1 reduced strength
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a bare orbital gyromagnetic factor and an effective spin fac-
tor g§“=0.7g§'e° were used. Given the impossibility of dis-
tinguishing experimentally between E1 and M1 transitions in
odd-mass nuclei, it is appropriate to compute the widths,
multiplied by the statistical factor g=(2/,+1)/(2[,+1).
These quantities are in fact parity- and spin-independent, and
are related to the reduced strengths according to

gTo(El)=1.0467(E [MeV])*B(E1) T[e*fm?107%] meV,
(7.9)
gTo(M1)=11.547(E [MeV])>B(M1)1[ 3] meV.

A more closely related quantity is represented by the reduced
widths

gTE4(E1)=1.0467B(E1)1[e2fm?10~3] meV(MeV)~3,

(7.10)
gI'FY(M1)=11.547B(M1)1[u}] meV(MeV)~3.

The phonons of different multipolarity were calculated by
using isoscalar and isovector interactions embodying the ap-
propriate multipole fields. The phonon basis consists of ten
(i=1,2,...,10) phonons of a given multipolarity: Au=20, 22,
32, 33, 43, 44, 54, 55. Twenty-five (i=1,2,...,25) phonons of
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Ap=21 and Ap=30, 31 multipolarities were used. The same
phonon basis was used for doubly even and odd-mass nuclei.

Numerical calculations were carried out for 3’Gd,
159Tb, 1$'Dy, Dy, and '9’Er. The core states entering into
the quasiparticle—phonon basis are, respectively, the states of
156Gd, 198Gd, 'Dy, 162Dy, and 'SEr.

1. M1 transitions

In going from even to odd nuclei, the fragmentation of
the strength is dramatically enhanced. This phenomenon is
illustrated in Fig. 5, showing the M1 spectra computed
within the RPA and QPNM for '¢?Dy and '’Dy. The spec-
trum of the odd-mass nucleus is much richer than in the case
of the doubly even one. A further increase in fragmentation
is observed when the M1 core states are computed in the
QPNM rather than in the RPA.

That the strength should become strongly fragmented in
going from doubly even to odd-mass nuclei was largely ex-
pected. On the one hand, the quasiparticle® (X/D,— compo-
nents couple to several one-quasiparticle configurations. As a
rule, the fragmentation so induced is rather weak, owing to
the small number of one-quasiparticle states. On the other
hand, the strength collected by each M1 state in a doubly
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even nucleus is distributed among four M1 levels in the
neighboring odd-mass nucleus. In this latter system, in fact,
the M1 operator can couple the {K,, I,=K,} ground state to
a multiplet of four excited states with quantium numbers
{(KO_ 1, Iy—1), (Ko—1, Iy), (Ko—1, I+ 1)}9 and {KO
+1, Iy+1}.

Let us study this problem more quantitatively by analyz-
ing the results obtained for '’Dy. The strength of the stron-
gest M1 transition occurring in 2Dy at an excitation energy
E=2.90 MeV and estimated to be B(M1)1=0.90u? is dis-
tributed in Dy almost equally among the K}’=3/2_ and
K{=1/2" levels, both having an intrinsic excitation energy
of 2.89 MeV. The two K}' states indeed collect, respectively,
as

5
> B(Ml)(KZ'=I,?’=7——>K}T=—2- 1}’)=0.45,L,2v,
111'
f

B(M1 )(K,?'=1;'=57—>K}'=1}'=7) =0.47u2.

The K}'= 3/27 strength, however, is further distributed
among the I}T=3/2_, 5/27, 7/2” states with strengths
B(M1)=0.30, 0.13, 0.02 7, respectively. The I7=3/2"
state gets about 2/3 of the strength. That the I7=K7} states
take 2/3 of the K strength is a general feature to be ascribed
to angular-momentum coupling.

The states collecting appreciable amounts of M1
strength are dominated by a single quasiparticle—phonon
configuration obtained by coupling the valence quasiparticle
to the (—):,E)=21 phonon. The effect of the substantial purity
of the M1 states is illustrated in the lower part of Fig. 5,
showing the M1 strength distributions when only the (X/I)
are included in the calculation. This is what is done in sche-
matic approaches.”” The spectrum so obtained is quite simi-
lar to the corresponding one deduced by including all core
states.

The spectra of the reduced widths of 63Dy, computed in
the QPNM, are compared with the experimental data in Fig.
6. The following points are noteworthy: (i) The computed
M1 transitions fall in the region of the observed peaks in all
nuclei. The discrepancies in the energy distribution in rela-
tion to the experiments are of the same order as in the nearby
doubly even nuclei. (i) The K™— K"+ 1 M1 transitions are
fewer in number but in general much stronger than in the
K™ —K™—1 case. As already said for Dy, the M1 strength
of the neighboring doubly even nuclei is shared equally by
the two K states, but for K7=K; — 1 the strength is further
distributed, mostly among two out of the three J; compo-
nents of the K7 multiplet. (iii) The magnitude of the stron-
gest M1 peaks is about twice the intensity of the correspond-
ing observed transitions. In addition, the summed reduced
widths are in general about twice the experimental values.

2. E1 transitions

In odd-mass nuclei the fragmentation mechanism of the
AK==*1 El strength is obviously the same as for the M1
transitions. Exactly as in the case of the M1 transitions, the
AK=1 EI strength is also shared equally by the K7 =K}

581 Phys. Part. Nucl. 28 (6), November—-December 1997

—1and K}'= K}’+ 1 levels, and the I}T=K}r states take 2/3 of
the K}' strength. However, as in doubly even nuclei,!”? the
AK=1 E1 strength represents a small fraction of the total
transition probability. This is concentrated mostly in the
AK=0 transitions. These transitions are in general more
than five times stronger. As in the M1 case, the El states
have a dominant configuration embodying the (\jz) phonon.

Figure 6 shows that the M1 widths are much larger than
the corresponding AK=1 E1 widths. Indeed, as in the dou-
bly even nuclei, the El strength is concentrated almost en-
tirely in the AK=0 transitions. These can be quite strong.
The strongest peaks are larger than the magnetic transitions
and more than three times the experimental widths. These
strong E1 transitions correspond to strong E1 excitations of
collective octupole core states. However, no strong E1 tran-
sitions above 2 MeV have been observed in the nearby dou-
bly even nuclei. One could reduce the strength of these tran-
sitions by using a smaller effective charge, as was done in
Ref. 205. This new effective charge, however, would quench
also the low-lying E1 transitions, thereby spoiling the agree-
ment with experiment. This is still an unsolved problem,
which requires detailed specific studies.

We can conclude that the occurrence of E1 transitions of
appreciable strength in the observation region cannot be
ruled out, but cannot be assessed with certainty because of
the discrepancies between theory and experiment found in
the doubly even nuclei for these transitions. On the other
hand, the M1 and E1 transitions are predicted to carry dif-
ferent AK quantum numbers. More refined experiments may
hopefully exploit this fact in order to settle upon the exact
nature of the observed widths. In any case, the problem of
reproducing the extreme fragmentation of the M1 strength,
especially in some nuclei like ’Gd, remains unsolved.

8. CONCLUSIONS

We have seen that the collective features of the low-
lying M1 excitations, chiefly the quadratic deformation law,
are described fairly well in several phenomenological ap-
proaches. All these models have been shown to be mutually
correlated. They can actually be put within a unified context
having the TRM as the common root. Each of them can
indeed be converted into a TRM-like model when the vari-
ables which describe the shape oscillations of the nuclei are
frozen. The differences among them are to be attributed
mainly to the different microscopic structure underlying each
model. While in fact the IBM boson operators are to be
considered as highly correlated valence fermion pairs, in the
other two interacting-boson models under investigation
(NPD and GCSM) the bosons should be viewed, at least in
lowest order, as highly correlated p—#h fermion states. The
microscopic counterpart of the IBM is therefore the standard
shell model, while the RPA is the microscopic scheme un-
derlying the other boson models. We have shown that in
their schematic version both the shell model and the RPA are
intimately related to the TRM and actually provide the tools
for computing the TRM quantities in a realistic way.

In going from schematic to realistic RPA descriptions,
the correspondence with the TRM as well as with the other
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phenomenological models is far from obvious. Because of
the extreme fragmentation of the two-quasiparticle spectrum,
the naive HO picture with a single degenerate p—h level
seems quite far from reality. It is rewarding that, because of
the spin—spin interaction which pushes the spin excitations
up in energy, the quadrupole pairing which rearranges the
M1 strength distribution among different p—# levels, and the
recoil term, the fragmentation is drastically reduced.

The many RPA calculations carried out since the discov-
ery of the mode have shown that such a mode is extremely
sensitive to the choice of the s.p. energy and of the two-body
interaction as well as to the approximations involved. Be-
cause of this extreme sensitivity, the calculations had to meet
certain requirements. A major one was the removal of the
redundant rotational mode from the physical M1 states. This
problem has been clearly illustrated here, and a simple pre-
scription for its solution has been given. All recent RPA
calculations are free from this problem and tend toward con-
verging results. Indeed, all of them agree in interpreting the
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low-lying M1 peaks around 3 MeV as the signature of a
scissors-like rotational oscillation between proton and neu-
tron deformed fluids. The simple TRM picture therefore ap-
pears valid. However, one should think of a rotational oscil-
lation between two superfluids rather than two rigid bodies
or two normal irrotational fluids.

The only point which is still under debate is the collec-
tive character of the mode. We observe in this respect that
the collectivity of this M1 excitation should noi be ‘‘mea-
sured’’ in terms of s.p. units as, for instance, in the case of
the E1 or E2 giant resonances. The mode under study here
arises in fact from deformation and disappears as the defor-
mation is switched off. This emerges nicely from the &°
dependence of the M1 strength. A more sensitive test of the
collectivity of the mode is provided by the M1 energy-
weighted sum rule. Recent calculations'® show that the ob-
served strength falls short of exhausting such a sum rule. A
strong indication in this respect is further provided by the
fact that the excitation is observed throughout all deformed
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(light and heavy) nuclei and that its strength varies smoothly
with the deformation.

The RPA descriptions are not able to reproduce faith-
fully the M1 energy spectrum. Progress in this direction has
been achieved by going beyond the RPA. This has been done
by allowing for the coupling to the two-phonon RPA state
within the QPNM. Even this extension seems insufficient. It
should be pointed out, however, that the calculations carried
out in this context are parameter-free. Minor adjustments
may greatly improve the agreement with experiment.

One of the most exciting recent discoveries was the de-
tection of M1 excitations exhibiting the properties of the
scissors mode in odd-mass nuclei but with a much more
fragmented strength. The only thorough microscopic descrip-
tion of these spectra has been carried out recently in the
QPNM. Many aspects have been clarified. Many problems
remain unsettled. The calculation in fact indicates that the
occurrence of El excitations intermixed with M1 transitions
cannot be ruled out. It also indicates that the detected total
strength is considerably smaller than what is produced by the
calculations. Moreover, the extreme fragmentation observed
in some nuclei remains an unexplained puzzle.

Let us now consider future prospects. There is great in-
terest in the possible occurrence of a high-energy mode of
scissors nature. The sharing of the M1 strength among a low-
and a high-energy mode is reminiscent of the isoscalar E2
strength known to be concentrated in a high- and a low-
energy mode. The detection of such a mode is related to the
discovery of the E2 isovector giant resonance in deformed
nuclei.

Strongly excited M1 excitations of scissors nature, both
at low and at high energy, are predicted also for superde-
formed nuclei. Whether these modes can be observed di-
rectly is an open question.

The prospect of finding the mode in y-soft nuclei is be-
coming a reality. Pursuit of the search for M3 transitions
would help to complete the picture.

We would like to conclude by saying that the occurrence
of orbital M1 excitations has uncovered a beautiful example
of dynamical symmetry in nuclei and has provided a unique
and sensitive testing ground for many phenomenological
models as well as for microscopic theories. From its exten-
sive study we have tested effective interactions and correla-
tions among nucleons in nuclei, and we have enriched con-
siderably our knowledge about the low-energy nuclear
properties.
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